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Abstract 

For a 2-category 2C we associate a notion of a principal 2C-bundle. In 
case of the 2-category of 2-vector spaces in the sense of M.M. Kapranov 
and V.A. Voevodsky this gives the the 2-vector bundles of N.A. Baas, B.I. 
Dundas and J. Rognes. Our main result says that the geometric nerve 
of a good 2-category is a classifying space for the associated principal 
2-bundles. In the process of proving this we develop a lot of powerful 
machinery which may be useful in further studies of 2-categorical topol- 
ogy. As a corollary we get a new proof of the classification of principal 
bundles. A calculation based on the main theorem shows that the princi- 
pal 2-bundles associated to the 2-category of 2-vector spaces in the sense 
of J.C. Baez and A.S. Crans split, up to concordance, as two copies of 
ordinary vector bundles. When 2C is a cobordism type 2-category we get 
a new notion of cobordism-bundles which turns out to be classified by the 
Madsen- Weiss spaces. 

1 Introduction and main result 

The main purpose of this paper is to introduce a general notion of bundles 
associated to topological 2-categories, and classify these. This encompasses the 
notion of 2-vector bundles developed in [3] . 

In this paper we mean by a 2-category what is sometimes called a bicat- 
egory [6j, or a weak 2-category, i.e. where the associativity conditions of the 
horizontal composition is relaxed. We specify strict 2-categories when we need 
them. 

The key idea behind principal 2C-bundles is to categorify the transition data 
description of a principal G-bundle by formally replacing the group G with a 
2-category 2C. Given an ordered open cover {[/„} of a space, we associate 
objects in 2C to points in each Ua and 1-morphisms to points in each double 
intersection Ua H Up. Instead of the ordinary cocycle condition, we associate 
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2-morphisms to points in each triple intersection. These are subject to a higher 
cocycle condition on each quadruple intersection. 

A 2-category has a geometric nerve, A2C, which is a simplicial set, [TO] . 
There are obvious generalizations of these nerves to topological 2-categories, 
which produce simpHcial spaces. A principal 2-bundle is the same as a simplicial 
map from the ordered Cech complex, U,, of the ordered open cover to the 
geometric nerve of the 2-category. Alternatively, one may describe a principal 
2-bundle as a 2-functor from a certain 2-category into 2C. 

Two principal 2-bundles over X are concordant if they are the restriction to 
AT X {0, 1} of some principal 2-bundle over X xl. This is an equivalence relation, 
and our aim is to determine the set of concordance classes. We restrict to base 
spaces X having the homotopy type of a CW complex. A space B is said to be 
a classifying space if there is a bijection between principal 2-bundles over such 
X and homotopy classes of maps from X into B. Our main theorem, which is 
a 2-categorical answer to M. Weiss' question, [32], "What does the classifying 
space of a category classify?", says: 

Theorem 1.1 The realization of the geometric nerve of a good topological 2- 
category 2C is a classifying space for principal 2C-bundles. 

We get the homotopy class in [X, |A2C|] corresponding to a principal 2C- 
bundle U, — > A2C by taking geometric reaHzation. The adjective "good" con- 
cerns the topology of 2C, see Definition [531 cind this condition is satisfied when- 
ever the total space of 2-morphisms is a CW complex and all source-target maps 
are Hurewicz fibrations, see Theorem 15.61 

In [3j Baas, Dundas and Rognes introduce 2-vector bundles and define an 
associated second order if-theory. The representing spectrum of this cohomol- 
ogy theory is K{ku), see [3l[2], and it qualifies as a form of elliptic cohomology 
theory since the chromatic filtration essentially is 2, see [1]. We recover in Exam- 
ple [331 the notion of 2-vector bundles as the principal 2C-bundles for a suitable 
2C defined in the spirit of Kapranov and Voevodskys 2-vector spaces. 

A similar construction based on Baez and Crans version of 2-vector spaces [4] 
leads to a cohomology theory which is two copies of ordinary if-theory, and 
hence not a form of elliptic cohomology, see Conclusion 13.111 

The last four sections are more technical. They deal with facts which are 
used in the proof of the main theorem. In Section [H we study the following 
problem. Suppose that Z, is a simplicial space. By applying the simplicial 
functor degreewise, we get a bisimplicial set. Let us diagonaHze this bisimplicial 
set. What are reasonable conditions on so that this diagonal simplicial set has 
the Kan property? The answer to this question. Theorem 14. 4[ is a topological 
Kan condition. 

In Section [5l we provide criteria for what we think a good and sufficiently 
fibrant topological 2-category 2C should be, i.e. we ask when the geometric 
nerve A2C is a good simplicial space and when it satisfies the topological Kan 
condition. 

In Section[6lwe generalize the concept of concordance classes by replacing the 
geometric nerve of a topological category with an arbitrary simplicial space, Z,. 
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We give some general properties (homotopy invariance, exact sequence, gluing) 
for such generalized concordance classes. We also show how to replace arbitrary 
Z, by another simplicial space 2',, satisfying the topological Kan condition, 
without changing the set of concordance classes. This relies on Quillen's small 
object argument. 

In Section [7] we generalize the statement of Theorem II. ![ and prove that 
concordance classes of Z,-bundles are classified by \Z,\ provided that Z, is a 
good simplicial space, Theorem 17. 121 

2 Principal 2C-bundles 

In this section we define what a principal 2C-bundle is. In our definition we 
specify transition data. However, there are two other, equivalent, definitions; 
either as a simplicial map from the ordered Cech complex to the geometric 
nerve, or as a continuous functor from a certain 2-category into 2C. We end 
the section with the definition of concordance and the restatement of our main 
theorem. 

Our structure 2-category 2C will be topological. This may be understood 
in at least two different ways, either as a 2-category enriched in spaces or as a 
2-category internal in spaces. We take the latter, and the most general, point 
of view. Hence, misunderstanding our usage of the term topological 2-category 
will not lead to any mistakes. Discrete (or ordinary) 2-categories is the special 
case where the spaces of objects, 1- and 2-morphisms have the discrete topology. 

We apply the following notation: 2Co, 2Ci, and 2C2 are the topological 
spaces of objects, 1-morphisms and 2-morphisms respectively, li x,y G 2Co, 
then 2Ci(x, y) is the space of 1-morphisms x ^ y, while 2C{x, y) is the topologi- 
cal category with 1-morphisms x ^ y ss, objects and 2-morphisms between these 
as morphisms. If f,g € 2Ci{x,y), then 2C2(/, g) is the space of 2-morphisms 
f ^ g- We denote horizontal composition by *, whereas vertical composition 
(of 2-morphisms) is written by juxtaposition. The natural associativity, left and 
right unit coherence isomorphisms are denoted a. A, and p respectively. 

As defined in |3j, an ordered open cover U of a topological space X consists 
of a family {Ua} of open subsets Ua X indexed over a partially ordered 
set I such that the family cover X, i.e. Uaei — ^) ^^'^ whenever a finite 
intersection Uao---ak = Uaa n • • • n C/q,^ is nonempty then the partial ordering of 
I restricts to a total ordering on {ao, . . . , 0;^}. 

Definition 2.1 Let X he a topological space, and let 2C be a topological 2- 
category. A principal 2C-bundle £ over X consists of an ordered open cover hi, 
indexed by 2, together with 

(1) for each a in J a continuous map 

Va- Ua ^ 2Co, 

and 



3 



(2) for each a < (3 a continuous family of 1-morphisms 



Eafi ■ Uap 2Ci 



with source and target Va 



Vfj, and 



(3) for each a < j3 < ^ a continuous family of 2-morphisms 

4'af3'y '■ Uafi-f 2C2 

with source and target Ea-y '^=^'' Ep^ * Eajj, such that 

(4) the 



E^S * {Ef}^ * Eaf}) 
E^S * Ea 



<f>o,-,S 



i> Efif, * E. 



4>a(3S 



■f3S * ^af3 



commutes over Uap-yS, for each chain a<(3<j<SinJ. The 2- 
morphism a is the natural associativity isomorphism of the 2-category 2C. 

In Section [3] we will give concrete examples of structure 2-categories giv- 
ing rise to different types of principal 2-bundles. In particular, we recover the 
charted 2- vector bundles of [3] for a suitably chosen 2C. In the forthcoming ex- 
amples, it is often possible to interpret Va, Eap, and (jiais-y as bundles of objects, 

1- morphisms, and 2-morphisms respectively. 

Recall from [HlIlOlEHI, the notion of the geometric nerve A2C of a discrete 

2- category 2C. The simplicial set A2C has 0-simplices the objects xq of 2C. 
The 1-simplices are the 1-morphisms xq — ^ xi of 2C, and the 2-simplices are 
triangles 

Xl 




where xoi2 is a 2-morphism xa2 => xi2 * xm. For n > 3 the n-simplices are 
built from 2-simplices, such that for each subtetrahedron the obvious coherence 
condition for 2-morphisms is satisfied. The geometric nerve is 3-coskeletal, i.e. 
any simplex in the geometric nerve is uniquely determined by its 3-skeleton, 
see O Proposition 3.1]. The definition of the geometric nerve extends, in the 
obvious way, to the cases where 2C is topological or simpHcial, and then A2C 
becomes a simplicial space or a bisimplicial set respectively. 

To an ordered cover U oi X vie associate the Cech complex C, and the 
ordered Cech complex U,. Their definitions are as follows: C, and U, are both 
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1-coskeletal simplicial spaces (and thus determined by their 0- and 1-simplices). 
We define Cq and Ci to be 

J J Ua and Y[ ^al3 

a a,f3 

respectively. The the ordered Cech complex U, is defined as the sub-simpHcial 
space of C, having the same 0-simpHces, but the 1-simplices being the disjoint 
union of all Ua/3's with a < p. 

Let I — I denote geometric realization. From [9l Theorem 2.1 and Proposi- 
tion 2.6] we have that the spaces \C,\ and \U,\ are weakly equivalent to X via 
the natural maps. 

With the geometric nerve, we get our first reformulation of the definition of 
a principal 2C-bundle: 

Proposition 2.2 There is a one-to-one correspondence between principal 2C- 
bundles subordinate to the ordered cover U and simplicial maps U, A2C. 



Proof: Let trs denote the functor truncating a simpHcial space at its 3- 
skeleton. Since the geometric nerve is 3-coskeletal, a simpHcial map U, A2C 
corresponds to its truncation tra U, trs A2C. The ordered Cech complex has 
free degeneracies, [Ql Definition A. 4], hence the truncated map is uniquely given 
as maps from the non-degenerate 0-, 1-, 2-, and 3-simplices of U, satisfying the 
face relations. These data are precisely what is written out in Definition 12.11 
above. □ 



Below we will give two additional reformulations of Definition 12.11 The idea 
is to look at U, A2C and think about the geometric nerve as a right adjoint. 
To illustrate this we consider the 1-categorical example U, N,C, where N,C 
is the nerve of the category C. 

Define X^'^ to be the topological category whose spaces of objects and mor- 
phisms are the disjoint unions 

Jl Ua and Y\_ ^<^0 

a a</3 

respectively. Whenever some underlying point x e X is contained in Ua we 
write Xa for the object of X^"^ corresponding to this copy of x. Similarly, we 
denote a typical morphism of Xjj'^ by Xap- The source and target of Xap are 
Xa and Xf3 respectively, and composition is given by xp^Xa/3 — Xa-f 

Intuitively, Xfj*^ is the left adjoint of N, appHed to the ordered Cech complex 
U,. Hence, there is a one-to-one correspondence between simpHcial maps U, — > 
NfC and continuous functors X^'^^ C. Also observe that N,X^'^ is isomorphic 
to C/,, so it follows that \N,X^'^\ is weakly equivalent to X via the natural map. 

Remark 2.3 The construction above is related to topological category Xu de- 
fined by Segal ]25^ as follows: To an open cover U indexed by an unordered set T 
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we can associate a new open cover cover {Us}, indexed over all finite non-empty 
subsets S of X. There is a partial ordering of finite subsets given by inclusion 
R C S. Even though {Us} does not satisfy the conditions defining "an ordered 
open covering" the construction of X^^^^ is still well-defined. Moreover, the cat- 
egory X?^^y is equal to Xu- Explicitly; the space of objects of Xy is the disjoint 
union of all Us and the space of morphisms is the disjoint union of Us over all 
pairs R C S. The source map forgets R, and the target map is induced from the 
inclusions Us ^ Ur. By 13 Proposition 2.7], \N,Xu\ is weakly equivalent to X 
via the natural map. 

Definition 2.4 Let 2Xlf™ be the topological 2-category constructed from X{j'^ 
by adding identity 2-morphisms only. 

We now get the following reformulation of the definition of a principal 2C- 
bundle subordinate to an ordered cover U : 

Proposition 2.5 There is a one-to-one correspondence between simplicial maps 
U, — > A2C and continuous normalized colax 2-functors F: 2Xy°™ 2C. 

Proof: Observe that A2X^°™ ^ N,X°"^ ^ U,. Hence, a continuous normal- 
ized colax 2-functor F yields a simplicial map U, A2C by functorality of the 
geometric nerve construction. 

To reconstruct F from a simplicial map U, ~> A2C, notice that the restric- 
tions to 0- and 1-morphisms, Uq (A2C)o and Ui (A2C)i, determine F on 
objects and 1-morphisms respectively. Since F is normalized, it takes identi- 
ties to identities, and there are no non-identity 2-morphisms in 2X^°™. The 
remaining data of the colax 2-functor F are 2-cells 

(f>: F{Xa^) ^ F{xp^) * F{Xaf3), 

and we define these to be the value of U2 — > (A2C)2 on the 2-simplices Xapj. 
The verification of the cocylce condition on 3-cells is omitted. □ 

If we restrict our attention to strict 2-functors, the left adjoint of A yields 
more complicated 2-categories. We define: 

Definition 2.6 Define the topological 2-category 2Xu as follows: Let the space 
of objects, {2Xu)a, be the disjoint union }\Ua. A typical object is denoted 
Xa- Let the space of 1-morphisms be non-associatively freely generated by the 
disjoint union Y[a<p ^ai3- A typical 1-morphism is thus a parenthesized sequence 
of Xai_iai 's. For cxamplc ifa<(3<^<5<t and x G Uap-fSe, then all the 
following expressions are different 1-morphisms: 

{x^S*X(3.y) *{xi3'y*Xal3), {xSe*Xjs)*{x(3'y*Xal3). 

Observe that any 1-morphism f: Xa„ Xa^ has an associated chain ao < ai < 
• • • < Q!fe of indices, thus f is some parenthesizing of Xa^_iak *■ ■ ■*Xaia2 *Xaoai • 
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The space of 2-morphisms {2Xu)2 is defined as follows: for arbitrary 1- 
morphisms f: Xa^ and g: yfjg there are either one or zero 2- 

morphisms f ^ g. If x = y, ao = Po and ak — Pi, and the chain ao < ai < 
■ ■ ■ < ak is a refinement of Po < Pi < ■ ■ ■ < Pi , then there exists a unique 
2-morphism f ^ g- Otherwise, there is no 2-morphism f ^ g- Let Xaf3-f denote 
the unique 2-morphism Xa-y xp-, * Xap. 

This leads to the following reformulation of Definition 12.11 

Proposition 2.7 There is a one-to-one correspondence between simplicial maps 
Ut ^ A2C and continuous strict 2- functors F: 2Xu — > 2C. 

Proof: The proof is to inspect the definitions. Suppose first that we are 
given such a strict 2-functor F. Since A2C is 3-coskeletal, a map U, A2C 
is uniquely determined by the maps of 0-, 1-, 2-, and 3-simpHces. Restricting 
F to the objects, 1-morphisms, and 2-morphisms of the form Xq, Xap, and 
Xap-y we recover the maps Uo (A2C)o, Ui (A2C)i, and U2 (A2C)2 
respectively. To get the map on 3-simplices, we need to verify the tetrahedron 
coherence condition of A2C. Take a 3-simplex of [/,. It is represented by a point 
X in Uap-yS- Now inspect how F, in the following diagram, transforms the top, 
consisting of 2-morphisms in 2Xu, into the bottom, consisting of 2-morphisms 
in 2C: 



X^S * (a;/37 * Xap) > {X^S * * Xafi 




This verifies the tetrahedron coherence condition. 

Next, we consider the problem of reconstructing a strict 2-functor F : 2Xu — > 
2C from a simplical map U, A2C The map on 0-, 1-, and 2-simplices de- 
termine F on objects, 1-morphisms, and 2-morphisms of the form Xq,, Xafi, and 
Xap-y- Now observe that 2Xu is generated by such 1- and 2-morphisms, and 
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the associators. Thus the strict functor F is uniquely determined by the data 
above. We omit further details. □ 



Proposition 2.8 Let U he an ordered open cover of X. The corresponding 
ordered Cech complex U, embeds as a simpUcial deformation retract of A2Xii, 
and consequently we get a homotopy equivalence \A2Xii\ ~ X . 



We know that U, ^ A2Xlf™. If 2Xlf™ and 2Xu are biequivalent as 2- 
categories, then the result would follow from p9l Section 10]. However, a direct 
argument is not difficult: 



Proof: Observe that A2Xu actually is 2-coskeletal, and we can write any 
n-simplex as a flag 

/ Xao fai f02 f03 ■ ■ ■ fon \ 
fl2 fl3 ■ ■ ■ fin 
Xa2 /23 • • • /2n 

fsn 

where ao < ai < . . . < «„, x G Uao---a„ and fij : Xc^ 
in 2Xu such that for every i < j < k there exists a 2-morphism fik => fjk * fij- 
Define U, A2Xu by sending the n-simplex x e Uaaai-- a„ to the n-simplex in 



are 1-morphisms 



A2Xu given by fi- 



Observe that this gives an inclusion, and we view 



U, as a sub-simplicial space of A2Xu ■ 

Now we define a simplicial deformation retraction h from A2Xu down to U, 

by 



hkUk 



■'afc-lQfc+l 
XakOik + l 
fk k+1 
Xoik + i 



\ 



fk7i 
fk~\-l n 



V 



These maps hk ■ {A2Xu)n {A2Xu)n+i, for < fc < n, verify the usual iden- 
tities for a simplicial deformation retraction. □ 



Given a principal 2C-bundle £ over X and a subspace A of X it is clear that 
we may restrict £ to A. We denote the restriction by £\a- More generally, there 
is a pullback f*£ over Y, for every continuous map / : Y ^ X. 

We define equivalence of principal 2C-bundles by concordance: 
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Definition 2.9 Two principal 2C -bundles Eq and £i over X are concordant if 
there exists a principal 2C-bundle £ over X xl such that the restrictions £\xx{q} 
and £\xx{o} are £q and £i respectively. 

Concordance is an equivalence relation. The main theorem, Theorem II. 1^ 
classifies the set of concordance classes of principal 2C-bundles over X: under 
mild assumptions on X and 2C, there is a bijection between concordance classes 
and homotopy classes of maps X |A2C|. 

Remark 2.10 There are other ways to define an equivalence relation between 
principal 2C-bundles. In all the following cases one should allow elementary 
refinements of the cover, compare |3 Definition 2.4]- In addition one declares 
two principal 2C-bundles £o and £i, subordinate to the same ordered open cover 
lA, to be equivalent if either 

i) there exists a natural transformation between the 2- functors 2Xu 2C 
corresponding to £o and £i , 

a) there is an adjoint equivalence relating £o and £i in the 2-category of 2- 
functors, natural transformations and modifications, or 

Hi) there is a simplical homotopy ?7, x A2C between the simplicial maps 

U, A2C representing £o and £\ respectively. 

This list of possible equivalence relations is not exhaustive. Under what cir- 
cumstances will this actually lead to a set of equivalence classes different from 
the concordance classes? Discussing this in detail would be beyond the scope 
of this article, but we believe that for compact X and those 2C that occur most 
commonly, the equivalences of type i) — Hi) should all coincide with concordance. 

3 Examples 

In this section we give several examples of structure 2-categories, their principal 
2-bundles, and the corresponding classifying space. Let us start off by discussing 
a simple example which illuminates the fact that different categories can have 
the same concordance classes of principal bundles: 

Example 3.1 ((Complex line bundles)) In this example we consider the 
more elementary setting of topological categories. In this case the nerve, N,, and 
the geometric nerve. A, coincide, and we may use Quillen's Theorem A, J23^ . 
for calculations. 

Let U{1) be the topological group of complex numbers with modulus 1. Need- 
less to say, a principal bundle with structure group U{1) corresponds to a com- 
plex line bundle. If we want to think about U{1) as a topological category, it 
has only one object, *, and U{1) is the space of morphisms. We may also think 
about the space CP°° as a category: The space of objects is CP°°, and we add 
identity morphisms only. It is classical that maps X CP°° corresponds to a 
complex line bundle by pulling back the canonical line bundle. 
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There is an intermediate topological category, which we will denote by CU. 
The space of objects is CP°°. The morphisms CU{L,L') between two complex 
lines in C°° are the unitary linear transformations f : L ^ L' . To topologize 
the total space of all morphisms we consider basis vectors b and h' of length 1 
for L and L' respectively, together with a point c € U{1). To the triple {b,b',c) 
we associate the transformation f : zb ^ zcb' . Therefore CUi is defined as the 
quotient of all such triples, where we identify {b,b',c) with {6b,9b' ,9^^d'c) for 
all 9,9' £ U{1). 

Fix a complex line Lq in CUq. This gives an inclusion functor i: U{1) ^ CIA 
by viewing c £U{1) as an operator on Lq. For every object L of CU, the comma 
category L\i consists of terminal objects only, and hence L\i is contractible. By 
Quillen's Theorem A it follows that i induces a weak equivalence 

BU{1) = \N,U{1)\ ^ \N,CU\ = BCU. 

There is also an inclusion j : CP°° CU given as the identity map on 
objects. Let L be an arbitrary object of CU. Observe that all morphisms of the 
comma category L\j are identity morphisms, and that the space of objects can 
be identified with the unit sphere in C°°. Consequently, B(L\j), which in this 
case is equal to the space of objects, is contractible, and by Quillen's Theorem A 
it follows that j induces a weak equivalence 

CP°° = |7V.CP°°| ^ \N,CU\ ^ BCU. 

Example 3.2 ((Gerbes)) Recall from l22\ Section 3.1] the notion of a local 
bundle gerbe. This fits into our framework as follows. Let 2Q be the topological 
2-category with 2Qo = *, 2Qi = CP°°, and interpreting L,L' e CP°° as complex 
lines in C°°, a 2-morphism f: L ^ L' is the same as a unitary linear transfor- 
mation between these lines. Represent the lines as L — [zi, Z2, z^, . . .] and L' = 
[z[, Z2, z'^, . . .]. Then we may write their tensor product as line represented by the 
collection of all products Ziz'p i.e. L®L' = [ziz[, Z2z[, Z1Z2, ziz'^, Z2Z2, z^z'i, . . ]. 
This gives a map CP°° x CP°° CP°°, and which we take as the definition of 
horizontal composition of \ -morphisms. 

Now consider a principal 2Q-bundle. Since CP°° classifies complex line bun- 
dles, we interpret Eap as a complex line bundle over Uap- From this point of 
view, (t>af3f is a bundle isomorphism from Ea-f to Ej3~f®Eap, and it corresponds 
to the trivialization 9ai3-y considered by (22j. There is a one-to-one correspon- 
dence between stable isomorphism classes of gerbes over X and elements of the 
cohomology group H^{X;Z), see J2SI Theorem 3.3]. Thus we write 

Gerbe(X) = [X,K{1,2,)]. 

Example 3.3 ((BDR 2-vector bundles)) In order to classify the concor- 
dance classes of 2-vector bundles it is sufficient to describe the corresponding 
structure 2-category. By Theorem \1.1\ the geometric nerve of the structure 2- 
category classifies the concordance classes. Since this result depends only on 
transition data, the description of the fiber plays no role here. 
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Based on the 2-vector spaces offl8^. we define a topological 2-category 2/CV(n) 
as follows: Take a single point * as the space of objects, and let the l-morphisms 
be the space of n x n-matrices of complex Grassmannians 

II(GrK-)):,.^„ 

where the disjoint union runs over all invertible n x n-matrices {aij) consisting 
of non-negative integers. Thus a map Ea/s : Uaf3 {2ICV{n))i defines annx n- 
matrix {Eij)afi of complex vector bundles such that det(dim(£^y)Q/5) = ±1. The 
2-morphisms are defined as matrices of linear isomorphisms, and the compo- 
sition, *, of l-morphisms is defined as reverse matrix multiplication using the 
exterior ® of Grassmanians as product between matrix entries, and © as sum. 
This recovers the definition of charted 2-vector bundles given in JSj. Their 
composition ■ is dual to our *, and our (pap-y is the inverse of their (jf^^. We 
write 

2 Vect„(X) = [X, |A2/CV(n)|]. 

This leads to a geometrically defined form of elliptic cohomology: Baas, Dun- 
das and Rognes show in 13] how to define a kind of second order K-theory, 
namely the 2K -theory of 2-vector bundles. They conjectured that the represent- 
ing spectrum was K{ku), and this has been proved by Baas, Dundas, Richter 
and Rognes in [2]. Calculations by Ausoni and Rognes [1] show that this spec- 
trum has telescopic complexity 2, and hence it qualifies as a form of elliptic 
cohomology. 

Example 3.4 ((String bundles)) Let 25^ denote the surface 2-category de- 
fined by U. Tillmann in [31[ Section 2]. Its objects, l-morphisms, and 2- 
morphisms are closed strings, oriented cobordisms, and their diffeomorphisms 
respectively. Define string bundles as principal 25^ -bundles. The classifying 
space |A2^| is an infinite loop space, and it is related to the stabilized mapping 
class group of oriented surfaces. Too, by the formula: 

VL\N,2y\ ^ Z X Br+ , 

see 1211 Theorem 3.1]. 

Let CP^i denote the spectrum whose 2k th space is the Thom space of the 
complex bundle complementary to the canonical complex line bundle over CP''~^ . 
By I. Madsen and M. Weiss' proof of the generalized Mumford conjecture fST] . 
the classifying space of string bundles is VL°°^'^'Cf^i. In 114, Definition 5.1] S. 
Galatius, I. Madsen, U. Tillmann, and M. Weiss introduce a topological category 
C J of embedded oriented surfaces. By their new proof of the generalized Mumford 
conjecture, the notion of principal G2 -bundles coincides with the notion of string 
bundles, up to concordance. They also introduce the notation MTS0{2) for the 
spectrum CP'!"^ . To summarize, the concordance classes of string bundles are 
classified by n°^-^MTSO{2) = i.e. 

String(X) = [X,Q°^'-'^MTS0{2)] = [X,n°^-^<Cf°^^]. 
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Example 3.5 ((Cobordism bundles)) Extending the previous example, we 
now define c?-cobordism bundles as principal Cd-bundles, where Cd is the topo- 
logical category of embedded {d — l)-manifolds and embedded cobordisms intro- 
duced in 114} Section 2.1]. Furthermore, let MTO{d) be the spectrum whose 
{n + d)th space is the Thom spectrum of the bundle U^^ complementary to the 
canonical d-plane bundle over the Grassmannian of d-planes mR"+''. The main 
theorem of Galatius, Madsen, Tillmann, and Weiss shows that the classifying 
space of d- cobordism bundles is fl°°~^MTO{d). There are variations of these 
constructions by placing various types of tangential structure on the cobordism 
category, e.g. orientation, etc. We write 

Cob''(X) = [X,n^-H-ITOid)]. 

Example 3.6 ((Graph bundles)) Let Coo denote the graph cobordism cate- 
gory defined by Galatius in J13[ Section 3]. We define graph bundles as prin- 
cipal Coo -bundles. On one hand, the classifying space BCoo is weakly equivalent 
to fl°^'^^S, where S is the sphere spectrum. On the other hand, there is a weak 
equivalence Z x BAut^ ~ ilBCoo, where Autoo is the automorphism group of 
the free group on n generators as n tends to infinity. For the concordance classes 
of graph bundles over X we write 

Graph(X) = [X,n'^-^S]. 

Example 3.7 ((BC 2-vector bundles)) Let us now discuss choices of 2C 
based on Baez and Crans' 2-vector spaces. There are numerous variations 
depending on how strictly the 1-morphisms should be equivalences, how much 
structure the 2-morphisms should contain, and how to choose the objects from 
2-vector spaces within the same weak equivalence class. Let hi and Bq be non- 
negative integers and let C* be a 2-term chain complex of vector spaces. 

i) Let 2Bstnct{C*) be the 2-category with a single object C*, the 1-morphisms 

are the chain isomorphisms /: C* ^ C*, and the 2-morphisms f ^ g are 
chain homotopies 4> from f to g. 

ii) Let 2B^eak{C*) be the 2-category with a single object C*, the 1-morphisms 

are the chain equivalences f : C^^ C*, and the 2-morphisms f ^ g are 
chain homotopies 4> from f to g. 

iii) Let 2Beq{C^) be the 2-category with a single object C*, the 1-morphisms 

are tuples {f,f,if,ef), where f and f are chain maps C* C*, and 
Lf. 1 // and e/: // ^ 1 are chain homotopies, and the 2-morphisms 
{f,f,Lf,ef) (g,g, ig,eg) are pairs of chain homotopies 4>: f ^ g and 
(j): f ^ g such that the following identities hold: 

ig - if = f4> + 'i>9 and f.f - eg ^ f(f> -\- 4>g. 

iv) Let 2Bad{Cf:) be the 2-category with a single object C*, the 1-morphisms 

are tuples {f,f,if,ef), where f and f are chain maps C» — » C», and 
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Lf : 1 ^ // and ef. // 1 are chain hornotopies such that the zigzag 
identities 

fef + tff = and e// + /e/ = 

hold, and the 2-morphisms {f,f,if,ef) ^ {g,g,ig,eg) are pairs of chain 
hornotopies f ^ g and 4>: f ^ g such that the following identities 
hold: 

h - i-f = + # and ej - eg = + <f>g. 

v) Let 2Byjeakibi,bo) be the 2-category with objects all 2-term chain complexes 

C* with Betti-numbers bo, hi, the 1-morphisms are the chain equivalences 
f : ^ CI, and the 2-morphisms f ^ g are chain homotopies 4> from f 
to g. 

vi) Let 2Beq{bi, ba) be the 2-category with objects all 2-term chain complexes C* 

with Betti-numbers bo,bi, the 1-morphisms are tuples (/,/,(-/,£/), where 
f: C» —>■ C'^ and f: C'^ — >■ C« are chain maps, and if. 1 ^ ff and 
ef. // => 1 are chain homotopies, and the 2-morphisms {f,f,Lf,ef) ^ 
{g,g,Lg,eg) are pairs of chain homotopies (j): f => g and 4>'- f =^ g such 
that the following identities hold: 

h - f-f = + # and ef - eg = + (pg. 

vii) Let 2Bad{bi, bo) be the 2-category with objects all 2-term chain complexes C* 

with Betti-numbers bo, hi, the 1-morphisms are tuples {f, f,Lf,ef), where 
f: Ci, ^ CI and f : C'^ — > C, are chain maps, and Lf: 1 ^ // and 
ef. // 1 are chain homotopies such that the zigzag identities 

f^f + Hf = ^ and eff + fef = Q 

hold, and the 2-morphisms (/,/,<./, e/) ^ {g,g, ig,eg) are pairs of chain 
homotopies 4>: f =^ g and (j): f g such that the following identities 
hold: 

h - '■f = ^9 and ef - eg = f(j) + (j)g. 

We will now calculate the classifying space in the case v) of the example 
above. Set 2B — 2;B„eak(&i) ^'o)- In order to study 2B in more detail, we choose 
for each object C* isomorphisms 

Ci^Hi®B and Co ^ B ® Ho, 

where Hi and Ho are complex vector spaces of complex dimension bi and bo 
respectively, and B is an arbitrary complex vector space. Moreover, we can 
choose these isomorphisms such that the differential d: Ci —>■ Co is identified 

with the matrix " ^ 1-morphism / : C* ^ C'^ is then identified with a 

pair of matrices, 

[o fi) /Sj 
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representing /i and /o respectively. Here the notation indicates a linear 
map from Hi to B' , etc. Observe that / is a chain equivalence if and only if 
both f^} and f^? are invertible. A chain homotopy from / to g is a linear 
map Co = B (B Hq H[ (B B' = C[, and thus represented by a matrix 




such that 

• B _ fB B <B _ fB B 1 <Ho _ rHo Ho 

vh[ — Ih[ ^ 9h[^ Vb' — Ib' ^ 9b'^ ana (pg, — jg, — g^, . 

Horizontal composition corresponds to matrix multiplication and vertical com- 
position to addition of matrices. 

Because is arbitrary the space of chain homotopies between two fixed 
chain maps / and g admits an affine structure. This indicates that there are too 
many 2-morphisms in 2B. Therefore, define 2B^° as the quotient of 2B, where 
the objects and 1-morphisms are the same, and two 2-morphisms from 2B are 
identified in the quotient if their source and target 1-morphisms are pairwise 
equal. Explicitly, the class of (j) in 2B^° is represented by a matrix 

where we do not care about the stuff in the upper right corner. Not unexpect- 
edly, we get: 

Lemma 3.8 The geometric nerves A2B and A2B^° are weakly equivalent. 



Proof: Here is one way to show this: both 2-categories satisfies the assum- 
tions Gl', G2', G3, and G4 of Section O and the canonical map 2B 2B"° 
is a continuous strict 2-functor. In order to apply Lemma 15. 8^ we fix chain 
compexes C* and C^, and compare nerves of morphism categories: 

N,2B{C^,Ci) ^ N,2B^°{C^,Ci). 

At each simplicial degree k, this map is a fiber bundle with fiber an affine space, 
namely a (fc — l)-tuple of (/'^"s. Since the fiber is contractible, the map is a 
weak equivalence. □ 

We finish the calculation by comparing 2B^° to the product of the complex 
general linear groups GL{bi) and GL{bo). We have 2-functors 

GL{bi) X GL{bo) ^ 2B^° ^ GL{bi) x GL{bo), 

where i includes GL{bi) x GL{bo) as the automorphisms of the chain complex 
C''! C''", and H is homology of the chain complex C*, i.e. we choose bases 
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for Hi and i?o for each object of 2B^° . For C^^ and we choose the standard 
bases. Observe that the composition Hi is the identity on GLlbi) x GL{bo). 
We will now construct a normalized colax transformation a from the identity 
on 2B^° to the composition iH. 

The choice of bases for Hi and Hq specifies projection maps Ci ^ Hi® B ^ 
C''^ and Co = -B © Hq C^" . This yields for each chain complex C* a chain 



map ac, into 



' . For a chain equivalence / : C* C;|^ we observe that 



Hi®B- 



f 



■Hi®B' 



does not commute. Therefore we define tr/ as the class of chain homotopies 
represented by the matrix (^fH[ ■ We leave it to the reader to verify that a 
is a normalized colax transformation. 



Remark 3.9 To see why we need the intermediate 2-category 2B , try to 



replace 2B with 2B, and then define cr as above. In that case take erf = 
(^■^H[ ■ Given a pair of composahle chain maps C* ^ C;J^ C", observe 
that, in general, we have Ogf g°crf + agO f in2B. Hence a is not well-defined 
on 2B. 

We now apply the following standard technique: 

Lemma 3.10 Let F and G be normalized colax 2- functors 2C 21). A normal- 
ized colax transformation 4>: F ^ G induces a homotopy between the induced 
maps \ AF\ and \ AG\. 



Proof: Let X be the category with two objects, and 1, and one non-identity 
morphisms, 0^1. Our normalized colax transformation (f) defines a 2-functor 
2C X Z — > 21?, which restricts to F and G over and 1 respectively. Since the 
geometric nerve of X is an interval, we get our homotopy. □ 

This lemma immediately implies that the geometric nerve of 2B^° is weakly 
equivalent to the geometric nerve of GL{bi) x GL{bo). We arrive at: 

Conclusion 3.11 The geometric nerve of2B = 2Byjeakibi,bo) is weakly equiva- 
lent to the nerve N,GL{bi) x N,GL{bQ). Hence, the corresponding Baez-Crans 
2-vector bundles splits, up to concordance, as two copies of ordinary vector bun- 
dles. With little or no modification, similar calculations can be carried out for 
the other 2-categories of Example \3. 71 In all cases the geometric nerve splits, 
up to weak equivalence, as N,GL{bi) x N,GL{bQ). We can therefore conclude 
that 2K -theories based on Baez-Crans 2-vector bundles are given as two copies 
of ordinary K -theory. 
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4 The topological Kan condition 



We consider a simplicial space Z, with a topological Kan property. We apply 
the following notation: let A" be the topological n-simplex, i.e. the subspace 
of M""''^ consisting of tuples (to, ^i, ■ ■ ■ , ^n) such that each ti > and ^ = 1. 
However, AJ^ denotes the simplicial n-simplex, i.e. the simplicial set with q- 
simplices all order preserving maps \q\ \n\. We define the space of k-horns of 
dimension n in the simplicial space Z, to be 

mz,) = 

{(zo,...,2fc-i,-,2fc+i,...,z„) I dt{zj) = d.j-i{zi),i < j,i ^ k j} 

C Zn — i X Zn — i X • • • X Z„-i 
^ ^ ^ 

n factors 

We give A^(Z,) the subspace topology. For our purposes, it seems more natural 
to associate this horn to the complementary set I{k) — {0, 1, . . . , /c — 1, fc + 
1, . . . n}. So we think of a fc-horn as an /(fc)-cohorn. If / C [n] = {0, 1, . . . , n}, 
we define the space of I-cohorns to be 

A?(Z.) = 

{{zi)iei I di{zj) = dj^i{zi),i < j,i e I 3 j} 

C Zn-l X Zn-1 X • • • X Zn-1 
/| factors 

Note that AJ! — ^^(^f^y The face maps di : Zn Zn-i, i 7^ k induces a canonical 
map : Zn A5J(Z,), and more generally, for any / C [n] we have a canonical 
map c"}: Zn-' Ay(Z.). 

Definition 4.1 We say that Z, satisfies the discrete Kan condition if the maps 
are surjective for all n and < k < n. We say that Z, satisfies the topological 
Kan condition if the maps are surjective Serre fibrations for all n and < 
k < n. 

Remark 4.2 E.H. Brown and R.H. Szczarba consider in J3i Definition 2.1] a 
related notion of fibrancy. 

Lemma 4.3 If the simplicial space Z, satisfies the topological Kan condition, 
then for all n and every non-empty proper subset I of [n] the map c" is a 
surjective Serre fibration. 

Proof: The proof is by double induction. First by induction on n: assume 
that all c", are surjective Serre fibrations for n' < n and every non-empty proper 
subset /' of [n']. Next by downwards induction on |/| = m: assume that all 
Cj are surjective Serre fibrations for all non-empty proper subsets J of [n] with 
I J| > TO. This is true for to = n — 2 by assumption, since the J's in this case 



16 



have the form I{k) and 



c^. For the inductive step assume that 



k ^ I and J = / U {k}, so that by the induction hypothesis Cj is a surjective 
Serre fibration. Consider the canonical map which forgets Zk 

r/: A";(Z.)^A7(Z.). 

Then c] =rj od}. So it is enough to show that the map rj is a surjective Serre 
fibration. 

By 5k- — 1] [n] we denote the injective map wiiidi omits k, thus the 
face map dk- Zn ^ Zn-i is the map induced by 6k- Let the sequence {zi)i£i 
be a point in A"(Z,). Let I' C [n — 1] be the subset determined by / = 5k{I')- 
There is such a subset, since k ^ I. MoreoA-cr, |/'| = |7| and the map 6k- I' ^ I 
is a bijection. For i e /' we define elements 



J-k-i 



{Z6 



if i G /', and i < k, 
if i G I', and k <i- 



We claim that the sequence {yi)ier forms an /'-cohorn of dimension (n — 1) in 
Z, - This can be seen either by meditating on the geometry of the simplex, or 
more computationally in the following way: for i,j G I' and i < j, we have 



diVj 



didk-i{zj) = dk-2di{zj) i < j <k 
didk{zj+i) = dk-idi{zj+i) i<k<j 
didk{zj+i) = dkdi+i{zj+i) k<i <j 



and also, using that {zi)i^i is in the space of /-cohorns, 

dj-idk-i{zi) = dk-2dj-i{zi) = dk-2di{zj) i <j <k 
dj-iVi = < dj-idk-i{zi) = dk-idj{zi) = dk-idi{zj+i) i <k < j 
dj-idk{zi+i) = dkdj{zi+i) = di+i{zj+i) k<i<j. 

The association {zi)i^i i— > {yi)i£i' defines a continuous map P^: A"(Z,) — > 
Ajr^(Z,). Since k e J there is also a continuous map pk- Aj{Z,) Zn-i 
defined by picking out the appropriate component, i.e. we have Pk{{zi)i^j) = Zk- 
These maps fit into a diagram of spaces 



A}(Z. 



Zn- 



^A?r'(z.) 



This is actually a pullback diagram. The right map is a surjective Serre fibration 
by the induction hypothesis of the first induction, so it follows that r/ is also a 
surjective Serre fibration. □ 



We can now prove the main theorem of this section: 
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Theorem 4.4 Let Z, be a simpUcial space. Assume that Z, satisfies the topo- 
logical Kan condition. Then the diagonal simplicial set D, = diag(Sing, Z,) is 
a Kan complex, i.e. it satisfies the discrete Kan condition. 

Proof: We need to show that any horn in D, can be filled. The Kan condi- 
tion is always satisfied for n = 1, since a horn of dimension 1 is filled by the 
degeneracy map sq: Dq ^ Di. So we assume without restriction that n > 2. A 
fc-horn of dimension n in D, consists of a sequence of continuous maps 

Zi : A"-^ Zn-i defined for < i < n - 1, i 7^ fc, 

with the property that if Zi and Zj are defined and i < j, then the following two 
continuous maps agree: 

A"-2 iizl, A"-i ^ ^ 

Here, and in the rest of the proof, we abuse notation by not distinguishing 
between a map [m] [n] and its alRne extension to a continuous map A™ A" 
between the associated topological standard simplices. The way to visualize 
these 2i's, is to consider the topological horn 

K = U,^fc<5,(A"-i) c A". 

The domain of Zi can be identified with the subset (5i(A"~^) of A^. The 
maps corresponding to zi and Zj do not necessarily agree on the intersection 
^i(A"~^) n(5j(A"~-^) of these subsets, but satisfy a more complicated compati- 
bility condition. 

Main step. We define a continuous map 

such that for every i ^ k we have that Zi = di o y o Si. We define this map 
inductively. The induction is done over a sequence of subspaces of the skeleton 
of A^, which we define now. By Vi G A" we denote the i'th vertex. Let Wr be 
the union of all r-dimensional subsimplices of A" which contain Vk. Then 

K} = W^oCWiC...W^„_i=A^ 

Start of induction. Wq is included in every subspacc Si{A"), i ^ k, so there 
exists a sequence of vertices 0' € A""-^, i ^ k, such that 5i(f>^ = Vk. Let {bi)i^k 
be the sequence in Zn-i given by hi = Zicjf . Take i < j, i ^ k j, then there 
exists a vertex tp £ A"^^ such that SjSiltJj) = Vk, hence = Sj-i{tl>), and 
4''' = Si{ip). Now we can check that bi and bj satisfy 

dibj = diZjcjP = diZjSi{ip) = dj-iZi6j-i{i>) = dj-iZicj)'' = dj-ibi. 
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Thus, {bi)i^k lies in A^(Z,). By assumption the map is surjective, so we 
can find an element a G Z„ such that di{a) = bi for all i ^ k. We define y on 
Wo = {vk} by y{vk) ^ a e Zn. 

Induction step. Assume that we have defined y: Wr^i Zn+i such that 
for each i ^ k we have a commutative diagram: 



Wr-l n ^.(A"-1)C ^ Wr^l ^ Zn 

di 

A"-l *- Zr,-1. 



We want to extend y to a map from Wr with the same property. To define 
this extension, it is sufficient to define it on each r-simplex in Wr. Such a 
simplex is determined by an injective order preserving map t: [r] ^ [n] with 
the property that T(fc') = k for some k' in [r]. Let / C [n] be the complement 
of the image of t. Let us now translate the problem of extending the map y 
to the simplex r C Wr , into a problem of constructing a map y"^ : A^ — > Zn 
with certain properties. Since r is a general r-simplex of Wr the collection of 
all these maps y'^ defines the extension of y to Wr. We have to be careful about 
what the transformed problem is. 

First, note that r(A'') n Wr-i = t(A^,). Thus y^ is already defined on A^, 
by induction. 

There are two cases for the maps Zi. If i ^ I, then t(A'') n (5i(A"~^) is 
contained in Wr-\. So the z^'s corresponding to these i's do not give extra 
conditions on y^ , beyond that it has to be an extension of the already defined 
map y'^ : A^, Zn- On the other hand, if z £ /, we do get an extra condition. 

The image t{A^) is included in every subspace (5i(A"), i e /, so there exists 
a sequence of injective order preserving maps 0' : [r] '-^ [n — 1], i e /, such that 
6i(j)^ = T. Let {hi)i^i be the sequence of maps A'' Zn-i given by bi = 

Take i < j, i ^ I ^ j, then there exists an injective order preserving map 
ip: [r] ^ [n — 2] such that SjSiip = r, hence 0* — Sj^iip, and ^ — Siip. As 
before hi and bj satisfy 

dibj = diZjcfy' = diZjSi^J — dj^iZiSj^itjj = dj^iZi(p'' = dj^ibi. 

Thus, the collection {bi)i^i gives a map b: A5J(Z,). The extension prob- 

lem we have to solve is the following: 



A'- 



A^Z, 



However, this is solvable, since the map c" is a Serre fibration by Lemma [4.31 
This completes the induction step. 
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Final step. We have constructed a continuous map y: Z„ such that 

Zi — di o y o Si for every i ^ k. The composition of y with a retraction A" — > 
fills the /c-horn in D, that we considered initially. □ 



Remark 4.5 A k-horn, < k < 2, in dimension 2 in D, = diag(Sing, Z,) 

can be filled if Z, satisfies the weaker condition that the three boundary maps 
di: Z2 ^ Z\ are Serre fibrations, and that Z, satisfies the discrete Kan exten- 
sion condition in dimension 2. 

To see this use the Kan extension property at the vertex Vk to obtain a point 
in Z2. Then use that di: Zi Z\ is a Serre fibration to obtain a continuous 
map y: A2 ^ Z2- Finally extend this to the topological 2-simplex. 

In this case, we do not need Lemma \4^ 

We end this section by giving a relativizing Theorem 14.41 in a special case: 

Corollary 4.6 Let Z, be a simplicial space, andpo: Zq ^ B a map of topolog- 
ical spaces. Then the induced map diag(Sing, Z,) Sing, X , extending po , is a 
Kan fibration provided that pq is a Serre fibration and Z, satisfies the topological 
Kan condition. 



Proof: Consider a simplicial n-dimensional fc-horn in diag(Sing, Z,) together 
with a matching n-simplex in Sing, B. We need to find an extension to an n- 
simplex in diag(Sing, Z,). The main step of the proof of Theorem l4.4l transforms 
this problem into a lifting problem of spaces, namely 




Here, the degeneracy map s: Z„ ^ Zq is a surjective Serre fibration by Lemma|4]3l 
and Po is a Serre fibration by assumption. Hence, the lifting exists. □ 



5 Good and sufficiently fibrant 2-groupoids 

In this section we will give criteria on a topological 2-category 2C to ensure that 
its geometric nerve A2C is good, and in the case 2C is a topological 2-groupoid, 
we will give criteria that ensure that A2C satisfies the topological Kan condition. 

We will use the notion of a locally equiconnected (abbr. LEG) space X, i.e. 
the diagonal map X ^ X x X is a closed cofibration. All CW-complexes are 
LEG spaces by E. Dyer and S. Eilenberg's adjunction theorem, see [12]. On the 
other hand, as a corollary of their Theorem II. 7, we get: 
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Theorem 5.1 ((Dyer, Eilenberg)) Assume that X is a LEG space, andi: A 
X admits a retraction r: X ^ A. Then i is a closed cofibration, and A is a 
LEG space. 

Proof: View ^ as a subset of X. A haloing function for ^ is a function 
q: X ^ I such that q~^{0) = A. A halo retract A of X is a retract which 
admits a haloing function. By O Theorem II. 7] the result above follows if we 
can find a haloing function for our retract A. 

By Dyer and Eilenberg's characterization of LEG spaces X, their Theo- 
rem II. 1, there exists a haloing function k: X x X ^ I for the diagonal in 
X X X . Now define q: X ^ I hy the formula 

q{x) = k{x, ir{x)). 

Since q{x) = if and only if x e A, we have constructed our haloing function 
for A. □ 

Corollary 5.2 A simplicial space Z,, where Zq is a LEG space for infinitely 
many q, is a good simplicial space. 

Proof: By downward induction on q we assume that Zq is LEG. Any degen- 
eracy Si : Zq^i —> Zq has a retract, namely di. Hence, Si is a closed cofibration 
and Zq_i is LEG. □ 

One basic tool to prove that a space is LEG is: 

Theorem 5.3 ((Heath, [ISj)) Assume that X, B and E are LEG spaces. 

f p 

Then the pullback of X — > B ^ E is a LEG space provided that p is a Hurewicz 
fibration. 

For nerves of topological categories we now get the following: 

Corollary 5.4 Let C be a topological category. If the total space of morphisms 
Ci is LEG and the source map s : Ci Co is a Hurewicz fibration, then N,C is 
a good simplicial space. 

Proof: The space of objects, Co, is LEG, since it is a retract of Ci. We will 
prove by induction that NqC is LEG, and the result then follows by Gorollarv l5.2l 

Observe that iV^+iC is given as the pullback of NqC — ^ Co <— Ci, where Vq is 
the last vertex map, NqC is LEG by induction, and s is a Hurewicz fibration by 
assumption. By Heath's theorem A'^g+iC is also LEG. □ 
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Definition 5.5 A topological 2-category 2C is called good if its geometric nerve 
A2C is a good simplicial space. 

Let us now list the criteria on a topological 2-category 2C that together imply 
that 2C is good: 

Gl The source map si : 2Ci 2Cq from 1-morphisms to objects is a Hurewicz 
fibration. 

G2 The target map t2 : 2C2 2Ci from 2-morphisms to 1-morphisms is a 
Hurewicz fibration. 

G3 The total space of 2-morphisms, 2C2, is LEG. 

G4 All 2-morphisms are isomorphisms vertically and the assignment (— : 2C2 
2C2 sending a 2-morphism to its vertical inverse is continuous. 

The assumptions G1-G3 exclude pathological 2-categories. All examples in 
Section [3] satisfy assumptions G1-G4. 

Theorem 5.6 A topological 2-category 2C is good if it satisfies the assump- 
tions Gl, G2, G3, and G4. 

Before proving the theorem, we consider the following lemma which, under 
assumption G4, characterize n-simpHces of A2C: 

Lemma 5.7 Let 2C be a topological 2-category which satisfies G4- Then the 
space of n-simplexes (A2C),i is homeomorphic to the space of flags 



foi 


0012 


0013 


0014 


0015 ■ ■ 


■ 0Oln\ 


Xi 


/l2 


0123 


0124 


0125 ■ ■ 


• 012n 




X2 


/23 


0234 


0235 ■ ■ 


• 023n 






X3 


fsi 


0345 ■ • 


034n 








Xi 


/45 


045ri 










X5 


056n 



where xq,xi, . . . ,Xn are objects of2C, the fa+i'. Xi a;i_|_i are 1-morphisms, 
and 0ii+i J : fi-j /j+i j * fi i+i, i + 1 < j, are 2-morphisms. 

Proof: The 1-morphisms fij with i + 1 < j are implicitly defined as the source 
of the 2-morphism 0^^4.1^ . 

Given a flag of the form above, the only data of an n-simplex in A2C missing 
are the 0y7c with 0<i<j<k<n and j ^ i -\- 1. We claim that these may 
be reconstructed continuously from the flag and the coherence condition of the 
geometric nerve. 
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Define the valence of the symbol 4>ijk, < i < j < k < n, to he the difference 
j — i. Observe that the fiag contains all (fiijk of valence 1. A subtetrahedron, of 
the n-simplex under consideration, is determined by indices 0<i<j<k<l< 
n. Rewrite the coherence condition for such a subtetrahedron as the equation 

(f>iki = ifki * 4>i]ky^ a_{(j)jki * li]) (piji- 

Here (— is the inverse 2-morphism map, and a is the natural associativity 
isomorphism. Observe that the valence of the 2-morphisms on the right hand 
side is strictly less than the valence of (f)iki ■ Inductively, we use this equation as 
a definition of <l)iki ■ A calculation is needed to check that 4>iki does not depend 
on a particular choice of j. For « = 0, fc = 3, and I = 4, inspect the following 
diagram: 

/l4*/oi 

'^014*/01 
)• (/24*/l2)*/oi 
(0234*A2)*/O1 
=^ ((/34*/23)*/l2)*/oi 



/34*(/23*<P012) 
/34*(i23*/02) > /34*(/23*(/l2*/oi)) 



=^ (/34*(/23*/l2))*/oi 
(/34*<#>123)*/01 

> (/34*/l3)*/oi ■ 

The unmarked arrows are natural associativity isomorphisms. Going from /o4 
to /34 * /o3 on the left side corresponds to defining 0o34 with j — 2, while the 
composition on the right side corresponds to j — 1. Since the diagram com- 
mutes, the two possible definition agree. □ 

Proof: [of theorem 15. 6| It is enough to show that for all n the space of n- 
simplices, (A2C)„ is a LEG space. 

By assumption G3 it follows that 2C2 is LEG. Observe that both 2Co and 
2Ci are retracts of 2C2 , where the inclusions are provided by identity maps and 
the retractions by source maps. Hence, 2Co and 2Ci are also LEG spaces. 

This provides the start of an induction on the simplicial degree n. Assume 
that (A2C)„_i is LEG. We can construct (A2C)„ from the {n — l)-simpHces by 



■ /24*(/l2*/oi) : 



'^234*/02 



'^234*(/l2*/0l) 



(/34*/23)*/02 > (/34*/23)*(/l2*/oi) 



/34**013 



j34*UJ23*Jl2;=*=/0i; ' 
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iterated pullback, i.e. we have a tower 

(A2C)„ = P„ ^ • • ■ ^ Pi ^ Po = (A2C)„_i. 

The steps of the tower corresponds to the entries in the last column of the flag 
describing n-simplices. Pi is the pullback of 

Po 2Co ^ 2Ci. 

Here we adjoin the 1-morphism /„_i„ along Xn-i- The map si is a Hurewicz 
fibration by assumption Gl. Hence Pi is LEG by Theorem 15.31 The space Pfc, 
fc > 1, is the pullback of 

„ f,i-k + l,n*fn-k, ,1-1 + 1 nn 

Pfc-1 > 2Ci <^ 2C2. 

Here we adjoin the 2-morphisms ^ri-k,n-k+i,n along fn-k+i, 71* fn-k. n-i+i- By 
assumption G2, t2 is a Hurewicz fibration. So Pk is LEG by Heath's theorem. □ 

Let 2C be a strict discrete 2-category. For each pair of objects x, y in 2Co 
we have a morphism category 2C(x,y). Applying the nerve to each of these 
morphism categories, we get a simplicial category N,2C. Apply the nerve con- 
struction again to produce a bisimplicial set 7V,iV,2C. Bullejos and Gegarra [8] 
prove that the geometric nerve A2C is naturally weakly equivalent to the double 
nerve N,N,2C. 

Inspired by this, we now want to study the geometric nerve of a strict topo- 
logical 2-category 2C via the nerves iV,2C(x,y) of its morphism categories. To 
do this we introduce Ar"(2C), the subspace of 2Ci x 2Ci consisting of a pair 
(/, g) of parallel 1-morphisms, i.e. the source of / is also the source of g and the 
target of / is also the target of g. Observe that we have a pullback diagram 

Arll(2C)— ^ ^2Ci 

9 (si.tl) 

2Ci — ^ — >- 2Co X 2Co. 
Next we strengthen the assumptions Gl and G2 as follows: 

Gl' The source-target map of 1-morphisms, 2Ci ^''^'*^''> 2Co x 2Co, is a Hurewicz 
fibration. 

G2' The source-target map of 2-morphisms, 2C2 ^'''^'^^\ Ar" (2C), is a Hurewicz 
fibration. 

Together with G3 and G4, these assumptions simplifies comparison of two 
geometric nerves of strict 2-categories: 
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Lemma 5.8 Let 2C and 21) be strict topological 2-categories that satisty the 
assumptions Gl', G2', G3 and G4- Furthemore, let F: 2C 2V be a contin- 
uous strict 2-functor. If the map on objects Fq : 2Co 22?o is a weak equiva- 
lence, and for each pair of objects x,y <E 2Co the induced map between the nerves 
of morphism categories N,2C(x,y) N,2V{F{x), F{y)) is a weak equivalence, 
then F induces a weak equivalence of the geometric nerves, A2C ^ A2'D. 

Proof: We will prove the lemma via a series of claims: 

First claim. There is a natural weak equivalence |A2C| ~ | Sing, A'',iV,2C|. 

Since 2C is strict, we may form the double nerve NtN,2C, as well as the 
geometric nerve A2C. Because A2C is a good simplicial space, by Theorem 15. 6^ 
we have a weak equivalence | Sing, A2C| ~ |A2C|. Notice that the functor Sing, 
commutes with nerve constructions. Fix a simpHcial degree k for the Sing,- 
direction. Observe that Singj, 2C is a strict discrete 2-category. By Bullejos and 
Cegarra's theorem we get a natural weak equivalence 

lASingfc 2C\~\N,N, Sing^ 2C|. 

This proves the claim since a map between simplicial spaces, which in each 
simplicial degree is a weak equivalence, is itself a weak equivalence. 

Second claim. The simplicial space N,2C is good, and moreover, for each 
pair of objects x, y in 2C the simplicial space N,2C{x,y) is good. 

The simplicial space N,2C is the nerve construction applied to the vertical 
composition of 2-morphisms. Thus Nk2C is topologized as a subspace of the 
fc-fold product 2C2 x • • • x 2C2. Taking the source and target object, we get 
a map N,2C 2Cq x 2Co, and N,2C{x,y) denotes the fiber over the pair of 
objects X, y. 

By Corollary [131 it is sufficient to check that 2C2 is LEG and the source map 
S2 : 2C2 2Ci is a Hurewicz fibration. The former is assumption G3, while the 
latter holds because of Gl' and G2'. 

Since the source-target map 2Ci 2Cq x 2Cq is a Hurewicz fibration, Gl', 
it follows by Heath's theorem that the source map 2C2{x,y) 2Ci{x,y) is a 
Hurewicz fibration between LEG spaces, for every pair of objects x,y in 2Co. 
Thus N,2C{x,y) also is good. 

Third claim. The map | Sing, N,2C\ | Sing, (2Co x 2Cq) \ is a Serre fibration 
with fiber \Sing, N»2C{x,y)\ over the path component corresponding to {x,y) 
in 2Co X 2Co. 

Given that the map is a Serre fibration, the statement about the fiber is obvi- 
ous. Since the geometric reaHzation of a Kan fibration is a Serre fibration, we can 
use Corollary 14. 61 Hence, we need to show that the map po ■ No2C 2Co x 2Co 
is Serre fibration, and that N,2C satisfies the topological Kan condition. Now 

observe that po is the source-target map 2Ci 2Cq x 2Co, whence a Serre 

fibration by Gl'. 

The maps 4: Ni2C kl{N,2C) are for A: = and fc = 1 the target 
and source maps t2,S2- 2C2 — > 2Ci. These maps are Serre fibrations by Gl' 
and G2', and they are surjective by the vertical identity map 2Ci 2C2. 
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The maps : N22C A^(A^,2C) are homeomorphisms by G4, while the 
maps c^, for n > 3, are homeomorphisms because the nerve is 2-coskeletal. 

Fourth claim. For each k the map | Sing, iVi;A'',2C| | Sing, 2C(]^'-'^~''^''| is 
a Serre fibration with fiber | Sing, N,2C{xq, xi)\ x • ■ • x | Sing, 7V,2C(xfc_i, Xk)\ 
over the path component corresponding to (xqjXi, . . . ,xu) in 2Cq'"^^^\ 

Under consideration here is a category which has 2Co as its space of objects 
and where the collection of 1-morphisms forms a simplicial space N,2C. We de- 
note this category by its morphisms, namely N,2C. Observe that the horizontal 
composition in 2C induces the composition in N,2C. 

Since both Sing, and | — | commutes with finite limits, the following diagram 
is pullback 



I Sing, Nk+iN,2C\ ^ I Sing, NkN,2C 



Sing,7V,2C| 



I Sing, 2Co^("+'^| I Sing, 2e^^''+^^\ x | Sing.(2Co x 2Co)|. 

The claim now follows by induction on k. 

Final claim. The map | Sing, N,N,2C\ \ Sing, N,N,2'D\ is a weak equiv- 
alence. 

Observe that the previous claims appHes to 2V as well. Fix a simplicial de- 
gree k for the nerve corresponding to horizontal composition. Let xq^xi, . . . ,Xk 
be any choice of objects in 2C, and set yi — F[xi) G 2I?o- We get a map of fiber 
sequences 

|Sing,7V,(2C(a;o,2;i) x ■ ■ ■ x 2C{xk-i,Xk))\ | Sing, iV, (2P(yo, yi) x ■ ■ ■ x 2V{yk-i,yk))\ 



\Smg,NkN.2C\ 



Sing,iVfe7V.2P| 



2C, 



x(fc+l) 



2V, 



x(fc+l) 



By the assumptions of the lemma, and the second claim, the top and bottom 
maps are weak equivalences, and it follows that the middle map is a weak 
equivalence. Since this holds for all fc, the final claim holds. 

Together the first and the final claim proves the lemma. □ 



We will now give criteria on 2C to ensure that A2C satisfies the topolog- 
ical Kan condition. Recall from [lO] that a 2-groupoid is a 2-category whose 

/ 



2-morphisms are isomorphisms, and whose 1-morphisms xq 
alences of categories, internally in 2C: 



xi induce equiv- 



2C{x,,y) 
/*-: 2Ciy,xo) 



2C(a;o,?/), 
2C{y,xi). 
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We need to make the equivalence of categories continuous. We first remark that 
an equivalence of categories is the same as a pair of adjoint equivalences. For 
this and for detail about adjoint functors, see [El Chapter IV]. 

Our approach is to define a space AdEq(2C) whose points are tuples (/, g, rj, e) 
consisting of 1-morphisms f : xq ^ xi and g: xi xq together with 2- 
morphisms ry: irf^o ^ 9 * f and e: f * g ^ idx^ such that ry and e are iso- 
morphisms which satisfy 

[e * J){f * rf) ^ id f and {g * e){-q * g) ^ idg. 

We give AdEq(2C) the subspace topology with respect to the inclusion into 
2Ci X 2Ci X 2C2 X 2C2. Thus the map tt: AdEq(2C) 2Ci sending {f,g,r],e) 
to / is continuous. 

We arrive at the following reasonable set of fibrancy conditions: 

SFl 2C is a topological 2-groupoid. 

SF2 The source and target maps for the 1-morphisms are Serre fibrations. 

SF3 The maps from 2C2 to 2Ci given by the source and by the target of 2- 
morphisms are both Serre fibrations. 

SF4 The assignment sending a 2-morphism to its vertical inverse is continuous. 
SF5 The map tt: AdEq(2C) ^ 2Ci is a Serre fibration. 

Lemma 5.9 Assume that 2C is a topological 2-category satisfying SFl, SF4, 
and SF5. Let ijj: D" 2C2 and f,hs,ht: Z?" 2Ci be maps such that the 
target of f is the source of both kg and ht, and xp: kg * f ^ ht * f . Then there 
exists a unique map (p: D" 2C2 such that 

(j>* f 

for all points in D'\ Similarly, if %p: £>" ^ 2C2 and f ,K,h[: Z?" ^ 2Ci 
are such that the source of f is equal to the target of both h'^ and h[, and 
%p: f * h'g ^ f * h[, then there is a unique cf)' : Z?" — > 2C2 such that f * (j)' = ip . 



Proof: We prove the first part, the last statement is dual. We view (p* f — Tp 
as an equation parameterized over D", where / and ip are known, and (p is the 
unknown to be solved for. 

By the assumptions SFl and SF5 there are maps g : Z?" 2Ci and 77, e : Z?" - 
2C2 such that {f,g,r],e) is an adjoint equivalence for all points in Z?". The fol- 
lowing commutative diagram shows that (f) can be expressed uniquely in terms 
of ip * g = {<P * f) * g, the adjoint equivalence, and other known quantities: 



[hs * f)*g- 
{ht *f)*g- 



■■hs*{f * g) ■■ 



> * id ■■ 



■■ht*{f * g) 



ht*e 



ht * id ■ 



ht. 
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Here a and p denote the natural associativity isomorphism and natural right 
unit isomorphism of 2C respectively. Also, when writing out the expression for 
</>, we observe that assumption SF4 is used to invert some 2-morphisms. This 
completes the proof. □ 

We made the definition above because of the following theorem. 

Theorem 5.10 // SFl, SF2, SF3, SF4, and SF5 holds for a topological 2- 
category 2C, then the geometric nerve A2C satisfies the topological Kan condi- 
tion. 



Proof: We have to show that all fill-horn-maps 

ck-. (A2C)„ ^ A^(A2C) 

are surjective Serre fibrations. By |lOl Theorem 8.6] all maps Ck are surjective. 
It remains to show that they are Serre fibrations. Since A2C is 3-coskeletal, the 
CfcS are homeomorphisms in dimensions n > 3. For n — 1 the fill-horn-maps cq 
and ci are the source and target maps 2Ci 2Cq, which are Serre fibrations by 
condition SF2. 

For n = 3 there are essentially two different cases to consider. For A: = 1 and 
k = 2 the fill-horn-map Ck asks us to solve the coherence equation 

(0123 * /oi)0O13 = a(/23 * 0012)0023 

with respect to 0o23 and 0oi3 given all other 1- and 2-morphisms. This can be 
done continuously using assumption SF4 alone. Hence ci and C2 are homeo- 
morphisms. Next consider the case fc = 0. In order to show that Cq is a Serre 
fibration we view the coherence condition above as an equation, parameterized 
over some disk x /, and with 0i23 as the unknown. We want to extend a 
solution 0123 : x {0} 2C2 to all parameters x /. Using the continuous 
inverse we reduce to a parameterized equation of the form * / = "0. This has 
a unique solution by Lemma ESI The case A; = 3 is similar. 

The rest of the proof concerns the case n — 2, i.e. we are trying to find lifts 
for all diagrams of the form 

x {0} ^ A(2C)2 

,.:r 

jjm X J ^ A|(A2C). 

In the case k — 1 observe that the following diagram is pullback: 

A(2C)2 ^— -2C2 

ci target 

Ai(A2C) . 2Ci. 
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Thus ci is a Serre fibration by assumption SF3. 

Next we consider the case fc = 0. The map Z?™ x I ^ A2(A2C) corresponds 
to famiUes of 1-morphisms /oi and /02, parametrized over x /, such that 
the source of foi equals the source of /o2- The map A2C2 corresponds 

to two additional maps /12 : -D™ 2Ci and ^012 : 2C2 such that the 

following diagram commutes for all parameters in D™: 




We can choose g: x / — > 2Ci and ry, e: £)™ x J 2C2 such that (/oi, 5, e) 
is an adjoint equivalence for all parameters. By assumption SF3 we may solve 
the lifting problem 



X {0} 



(/l2*c)(</'012*s) 



D™ X / 




Furthermore, by Lemma 15^ and assumption SF4 the equation 

(/12 * e)(0oi2 *9) = ip 

has a unique solution for (j)Qi2 for all parameters I?™ x /, and by uniqueness 
this solution extends the given (/)oi2 defined for parameters Z?™ x {0}. 

The case A: = 2 is dual to the case fc = 0. This finishes the proof. □ 



6 Concordance theory 

Fix a simpHcial space Z,. In this section we will define the notion of a Z,- 
bundle over a topological space X, and study its homotopy properties up to 
concordance. In the case Z, — A2C this recovers the notion of principal 2C- 
bundles. 

Definition 6.1 A Z,-bundle £ over X consists of an ordered open cover U 
together with a simplicial map (j): U, Z,, where U, is the ordered Cech 
complex ofU. 

We have to be precise about our conventions and definitions regarding covers. 
For every cover U we will assume that each C/a S W is non-empty. We say that 
W is a refinement of U if there exists a carrier function c: T' — > X between 
the respective indexing sets such that for each a £ X' the set U'^ is contained 
in Uc{a)- Whenever the indexing sets I and I' are partially ordered, we will 
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demand that any carrier function is order-preserving. Observe that to any 
refinement together with a choice of carrier function there is a canonical way 
of associating a simphcial map U, between the corresponding (ordered) 

Cech complexes. Specializing the notion of a refinement with carrier function, 
we say that a cover W is a shrinking oiU, and we write W C U, if the indexing 
set J' is a subset of X and for each a G X' we have CUa. A cover U is good 
if each finite intersection Uaa---ak = Pli^o either empty or contractible. 

Given a map /: X ^ y, we may pull back a Z,-bundle £ over F to X as 
follows: let W be the ordered open cover of X consisting of the non-empty open 
sets having the form f^^{Ua) where Ua G W. There is a natural map of ordered 
Cech complexes U', ^ U,. Define f*£ to be W together with the composition 

^ U, Zt. The pullback to a subspace A C X is called a restriction and 
will be denoted £\a- 

Definition 6.2 We say that £q and £i over X are concordant if there exists a 
-bundle £ over X x I such that the restrictions to X x {0} and X x {1} give 
£o and £i respectively. Let Con(X, Z,) be the set of all concordance classes of 
Z, -bundles over X . The class in Con(X, Z,) corresponding to £ will be written 
as [£]. 

Observe that concordance is an equivalence relation. 

Before proceeding with building the concordance theory of ^.-bundles, it 
is nice to present an interesting example of Z,-bundles where Z, is not the 
geometric nerve of a 2-category: 

Example 6.3 Wirth and Stasheff, 134] , describe locally homotopy trivial fibra- 
tions with fiber F. It seems plausible that we can define a simplicial space with 
k-simplexes, Zk, the space of all homotopy coherent functors from [k] to the topo- 
logical monoid of homotopy equivalences of F, H{F). In that case a Z, -bundle 
should be the same as a homotopy transition cocycle, see 134[ Definition 2.5]. 
Moreover, if Z, is good, then our Theorem \7.12\ shows that these fibrations are 
classified by \Z,\. Furthermore, \Z,\ should be weakly equivalent to BH{F) for 
reasonable F . 

In the theory that fohows we wih also consider classes of Z.-bundles over X 
fixed on some subspace A. We say that two Z,-bundles £q and £i over X are 
equal on A if the restriction £\a equals £'\a- We will use the notation X x I/A 
for the quotient space oi X x I where we identify {x,t) and {x',t') whenever 
X = x' lies in A. Let io and ii denote the inclusions of X into X x I/A given 
by sending x G X to {x, 0) and {x, 1) respectively. If £o and £i over A are equal 
on A, then they are concordant relative to A if there exists a Z.-bundle £' over 
X X I/A such that z^^' = £o and il£' = £i. Fixing a Z,-bundle £a over A, we 
denote by 

Conz.{X,A;£A) 

the set of all £ over X whose restriction to A equals £a modulo the equivalence 
relation of concordance relative to A. 
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Taking a more categorical approach to concordance, we will now consider 
presheaves on spaces, i.e. functors J-: Top°'^ Set. Sending a space X to the 
set of -bundles over X defines our first example of a presheaf on spaces, and 
we let !Fz, denote this presheaf. More generally, we will consider presheaves, 
J^: T°P Set, defined on categories T satisfing the foUowing conditiuons: 

i) There is a faithful functor V: T ^ Top such that 

ii) The functor V creates pushouts in T, i.e. whenever given a span B <— 
A X mT , the pushout Y' of 

V{B) <- V{A) V{X) 

in Top has a unique lifting to a pushout Y of the original span in T. 

iii) Moreover, if ^ ^ X in T maps to an inclusion V{A) ^ V{X) in Top, 
then the diagram 

V{A)<^ ^ ViX) 

V{X) V{X) X I/V{A) 

lifts to T, i.e. the space X x I/A represents a well-defined object in T 
and the inclusions io,ii : X ^ X x I/A are also well-defined in T. 

Since F is a faithful functor, we will usually omit it from our notation. Thus we 
think about T as a subcategory of Top. For later use, here are three examples 
of categories T satisfying conditions i)-iii): 

Example 6.4 i) Fix a space A. Let T he the subcategory of Top consisting 
of spaces X containing A and maps X ^ X' restricting to the identity on 
A. We call this T the category of spaces containing A. 

ii) Fix a space A. Let T he the category having as objects spaces X containing 
A together with the structure of a relative CW-complex on {X,A). The 
morphisms of T are defined to the inclusion of subcomplexes, i.e. maps 
X ^ X' where the image of X is a union of A and some of the cells of 
{X',A). We call this T the category of CW-complexes relative to A. 

iii) Let T be the full subcategory of compact spaces. Condition ii) holds since 
any quotient of a compact space is compact. 

If is a presheaf on T, we define concordance as follows: let A ^ X in T 
be an inclusion in Top, and fix some sa G •^(^)- Let J-'[X, A; sa] denote the set 
of all s in J^{X) that restrict to sa on A modulo the relation that sq ^ Si if 
there exists an clement s' G T'{X x I /A) with Zqs' = sq and i^s' = Si. Let [s] 
denote the class of s in !F[X, A; sa]- 
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Suppose that ^ is a presheaf on spaces and T is a category satisfying the 
conditions above. We may restrict to a presheaf on T. Observe that condition 
iii) ensures that concordance oi J-\r equals concordance on JF, and we may write 

T[X,A-sa]=T\t[X,A-sa] 
for all inclusions X and sa G ^{A) — T\r{A). 

Definition 6.5 We say that a presheaf T on T is excisive if for all pushout 
diagrams 

A^^^X 

f 9 

in T where i is a closed cofibration on Top, and elements sb G J-{B) and 
sx G J'i^) that restrict to the same element sa = f*SB ~ i* sx in J'{A), there 
exists a unique element sy of J-{Y) such that g* sy = sx and j*SY = sb- We 
say that T is strongly excisive if such an element sy exists uniquely whenever i 
is an inclusion. We call T weakly excisive if sy exists uniquely whenever {X, A) 
is a relative CW- complex. 

Observe that condition ii) on T ensures that restriction of an excisive presheaf 
J- on spaces to a presheaf J-\t on T also is excisive. 

A map between presheaves on T is a natural transformation i^: T ^ T' . 
Clearly v induces a maps of relative concordance classes v^x,A:sa\ ■ ^[^^ ^5 ^a] — > 
J^'[X, A; i'{sa)]- a useful insight in the theory of concordance is that surjectiv- 
ity often implies injectivity, compare [21} Proposition 2.18]. We prove a similar 
result: 

Proposition 6.6 Let T and T' be excisive presheaves on T . If v induces a 
surjective map 

iyix..C:sc] ■■ C; sc] ^ T'[X, C; y{sc)]. 

for all closed cofibrations C ^ X and sc in J-'{C), then all these V[x,C:sc] '^''^ 
bijections. If T and T' are strongly excisive and V[x.C\sc] '^'"^ surjective for all 
inclusions C ^ X , then all i^[x.C;sc] '^'^^ bijections. 

Proof: Let sq and si be elements oi T{X) whose restrictions to C both equal 
Sc- Since T is excisive there exists an element so,i in J-{X He X) that restricts 
to So and si on the two copies of X in XJlcX. If ^{sq) and i^(si) are concordant 
relative to C there exists an element s' G ^'{X x I/C) with Iqs' = v{so) and 
i*s' = i^{si). Observe that the uniqueness part of excision for J^' implies that 
s'Ij^Uc^ — i^iso,!)- Since the map 

T[X X I/C, X Uc X; sqa] ^ T{X x IjC, X Ec X; z.(so,i)] 
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is surjective, we may lift s' to an element s in T{X x I/C). This element s is 
a concordance between sq and si relative to C. 

If C ^ X is a closed cofibration, then X Uc X ^ X x I/C is also a closed 
cofibration. □ 

Let us now verify that the set of ^.-bundles satisfy strong excision: 

Proposition 6.7 LetY be the pushout of f : B along an inclusion A C X. 

Given Z, -bundles £ over X and £b over B with f*£B = £\a, there exists a 
unique Z, -bundle £' over Y such that £'\b — £b and £' pulls back to £ over X . 

Proof: We explicitly construct £'. Let 2 and Xb denote the indexing sets of 
the ordered open covers U and Ub associated to £ and £b- Define J' as the 
union TUXb, and extend the notation of Ua Gld and U/^ G Ub so that Ua — ^ 
for a ^ I and C/^ = for a Ib- The equation f~'^{U^) = n A is satisfied 
for all a e T'. Hence, we may define an ordered open cover W = {U^}a£i' 
of Y by declaring U'^ to be the image of Ua U under the quotient map 
X Jl B — > Y. We see that the corresponding ordered Cech complex is the 
pushout of ^ U,nA ^ U,, and we define the simplicial map (jr^ : Z, 
as the uniquely defined extension of the simplicial maps corresponding to £b 
and £. □ 

Corollary 6.8 Let Y be the pushout of f: A ^ B along an inclusion AC X. 
Fix a Z, -bundle £b over B, and let £a be f*£B- Fullback of Z, -bundles induces 
a bisection 

Gonz. {Y, B; £b) ^ Con^. (X, A; £a). 

Proof: Keep A fixed and let T be spaces containing A. There is a map 
1^: T T' oi strongly excisive presheaves on T inducing Con^. (F, S; fs) 
Con^, {X, A] £a). Here J-iX) and J-'{X) are the sets of ^.-bundles over X\lf B 
and X respectively, and v is pullback. By Proposition [621 all ^* are bijections if 
V induces a surjection T[X,C]£cn;B] ^ ^'[X,C\v{£cUfB)\ for all inclusions 
C Q X m T and Z.-bundles £cUfB over C Uf B. This follows immediately 
from Proposition 16.71 Taking C = A the conclusion follows. □ 

Lemma 6.9 Let A be a subspace of X , and fix a Z, -bundle £a over A. Then 
the inclusion ii: X ^ X x I /A induces a bijection 

il : Conz. {X x I /A, A; £a) ^ Con^. {X, A; £a). 

Proof: Keep A fixed and let T be spaces containing A. Two strongly excisive 
presheaves on T are defined by letting T{X) and J-'{X) be the sets of Z,-bundles 
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over X X I /A and X respectively. Pullback by the inclusion ii : X ^ X x I /A 
induces a map of presheaves i\: T ^ T' inducing Con^. x 
Con^, (X, A; f^). By Proposition 16.61 all i\ are bijections if i\ induces a surjec- 
tion T\X,C;Ec\ifB\ J^'[X,C;v{£cUfB)] for all inclusions C C X in T and 
-bundles ScUfB over CII/ B. The projection map tt: X x I /A X induces 
on concordance classes a map tt* such that i*7r* is the identity. Consequently 
il is surjective. Taking C = A completes the proof. □ 

Corollary 6.10 Conz,{X, A; £a) is a homotopy functor of X relative to A. 

Lemma 6.11 Let A ^ B ^ X be closed cofihrations. Given Z, -bundles £ 
over X and £b over B that are equal over A, and such that the restriction 
£\b is concordant to £b relative to A, then there exists a Z, -bundle £' over X 
concordant to £ relative to A such that the restriction £'\b equals £b- 



Proof: Represent the concordance between £\b and £b by a Z,-bundle £" over 
B X I /A. Gluing £ and £" we get a Z. -bundle £ over {X Ub B x I) /A. By the 
homotopy extension lifting property, there exists a map j : X ^ {X Ub B x T) /A 
such that in the following diagram 



{XUb B X I) I A 



X' 



X 



the upper triangle commutes and the lower diagram commutes up to homotopy 
relative to B. Let £' = j*£. Clearly £'g = £b- Moreover, j is homotopic to the 
inclusion ix- X ^ (X ILb B x I) /A relative to A. Hence, 



[£'] ^ [j*£] = [^*^£] ^ [£] 



in Coiiz.iX,A;£\ 



□ 



Corollary 6.12 The functor Con^, is half exact in the following sense: let 
A ^ B ^ X be closed cofibrations, and fix some Z, -bundle £b over B. Let 
£a — £b\a- In the sequence 

Conz. {X, B; £b) ^ Conz. {X, A- £a) I^f^I12!l£]^ Conz. [B, A- £a) 

the image of the first map is precisely the classes in Con^, {X, A; £a) that restrict 
to [£b] in CoTiz, {B, A;£a). 

Proposition 6.13 For any relative CW-pair {X,A) and Z, -bundle £a over A, 
the map 

Conz. (X, A; £a) ^ lim Con^. {X\A; £a) 
is a bisection. Here X^ is the k-skeleton of X . 
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Proof: Keep A fixed and let T be CW-complexes relative to A. There is 
a map ly: T T' oi excisive presheaves on T inducing Con^. (X, A; f^) 
linifc Con^. (X*^, A; f^). Here T is the presheaf of Z.-bundles restricted to T, 
while T'{X) is the set of sequences (£"0,^1, . . .) where Ek is a Z,-bundle over 
the fc-skeleton such that the restriction of £fe to X^~^ is concordant to Ek-\ 
relative to A. The map v is given by sending E G T(X) to (f |xo, ^Ix^ j • ■ ■) 
in T'{X^. By Proposition 16.61 all i^* are bijections if v induces a surjection 
T\X,C\Ec\ T'\X,C\v{Ec)\ for all inclusions C '-^ X in T and .^.-bundles 
Ec over C. 

Fix C '-^ X and Zc-, and take a sequence (fo, ^1, ■ • ■) ^'{^) that restricts 
to i^(fc) in ^'{C). By definition of T, see Example l6.4t C ^ X is the inclusion 
of a subcomplex. Hence ^ X^~^ U C*^ > X'^ are closed cofibrations. By 
induction we construct a sequence 5^ over X^ such that the restriction of E'^. to 
X^~^ is equal to and £^ is concordant to £k relative to . We start by 

taking £q — £0, and the inductive step uses Lemma [6 . 1 1 1 with £c\c'' over C'^ , 
the union of and Eclc over X*^"^ U C*^ and over X'^. This constructs 
an honest Z,-bundle coHmfe £'j. over X mapping to the concordance class repre- 
sented by the original sequence {£o,£i, . . .), i.e. all are surjective. □ 

So far we have studied how Conz,{X, A; £a) depend on the space X. The 
next step is to understand what happens when £a varies. To see this we now 
define a category as follows: 

Definition 6.14 Define '^^z,{A) to he the category with objects all Z, -bundles 
over A, and with morphisms from £a to £'j^ being the set Con^. {A x I,AIL 
A;£a U£'a)- The source and target of a morphism represented by £ are given 
as the restrictions i^E and i\£ respectively. Composition is defined by gluing. 

Lemma 6.15 The category ^z,{A) is a groupoid. 

Proof: We will show that a morphism represented by an arbitrary concordance 
£ has an inverse. Define £~^ by puUing back £ over the fiip A x I ^ A x I 
sending (a, t) to (a, 1—t). The composition off with £^^ equals the pullback of 
£ over the fold Ax I ^ Ax I sending (a, t) to (a, |2t — 1|). A contraction 9 from 
the fold to the map (a, t) ^ (a, 1) is given by 6{a, s, t) = (a, (1 — s) + s\2t — 1|). 
The pullback 9*£ is a concordance relative to AHA from the identity on i\£ to 
the composition of £ and £~^ . □ 

Proposition 6.16 For closed cofibrations A^ X the expression Con^, {X, A] — ) 
defines a functor from z, (A) to the category of sets. 

Proof: By the homotopy extension lifting property there exists a map j: X ^ 
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X^Ax{o} Ax I such that j(a) = (a, 1) for every a £ A C X and the composition 

X^XJ1ax[o}AxI^X 

is homotopic to the identity on X relative to A. 

Given a ^.-bundle £ representing a morphism from £a to S'j^ in '^z, {A) and 
a ^.-bundle £' representing a class of Conz,{X, A;£a) we can glue them to- 
gether and produce a Z.-bundle £ over Xll^xfo} Ax I. The functor is defined 
by declaring [j*£] in Conz,{X, A; £'^) to represent the image of [£'] under the 
map induced by the morphism [£]. □ 

Let [£] be a morphism from £a to £'^ in '^z. (A) . It follows from Lemma lB.lSI 
that £ induces a bijection 

[£], : Gonz. (X, A; £a) ^ Conz. (X, A; £'a). 

An open cover U is finite and totally ordered if its indexing set X is finite and 
totally ordered. We call a Z.-bundle finite if its associated open cover is finite 
and totally ordered. The finite Z.-bundles form a strongly excisive presheaf 
on spaces. Consequently there is a notion of finite concordance, and we denote 
by 

Con£(X) and Gon{^{X, A;£a) 

the classes of finite Z.-bundles over X modulo finite concordance and finite Z,- 
bundles over X equal to £a over a subset A modulo finite concordance relative 
to A respectively. Over compact spaces there is no difference between Con and 
Con^: 

Lemma 6.17 Let A he a compact subset of a compact space X . Then the 
natural map Con^^ (X, A; f^) Cotlz,{X, A]£a) is a bijection for all finite 
Z, -bundles £a over A. 

Proof: Let T be the full subcategory of compact space. Inclusion of fi- 
nite -bundles into all Z, -bundles gives a map of strongly excisive presheaves 
p: Tz, on T. By Proposition 16.61 it is sufficient to show that the map 

GavJ^^(X,A;£A) Con^, (X, A; is surjective for all inclusions A ^ X vci 
T and all finite £a over A. 

Let £^ be a .^.-bundle over X equal to £a on A. By compactness of X , the 
ordered open cover U associated to £ has a finite subcover . Without loss 
of generality we may assume that the restriction of to A equals the cover 
associated to £a- Choose a total ordering on that extends the partial order- 
ing. Let £^ be the restriction off to the smaller covering Z^-'^ . Observe that the 
finite .Z.-bundle £^ is concordant to £ relative to A. □ 
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Proposition 6.18 Let q: Z, W, he a map of simplicial spaces. If 

Con^.(i^",5"-i;£5"-0 - Coi4.(i^",5"-i;q.£:5"-0 

is surjective for all n > and finite Z, -bundles Sg^-i over S"^^ , then 

Conz. (X, A;£a)^ Conw. {X, A; q^Ea) 

is a bijection for all pairs {X, A) of the homotopy type of a CW-pair and all 
Z, -bundles £ A over A. 

Proof: By homotopy invariance, Corollary lG.lOl it is sufficient to consider rel- 
ative C W-complexes {X, A) . Fix A and let T be the category of C W-complexes 
relative to A. The simplicial map q gives a map g* : Tz, — > J'w, of strongly 
excisive presheaves on T inducing Conz,{X, A]£a) Convi/. (X, A; q*^^). By 
Proposition l6.6l this map of concordance classes is a bijection if Tz, [X, C; £c] 
J-'w,[X,C]qf£c\ is surjective for all subcomplex inclusions C C X and Z,- 
bundles £c over C. 

By Proposition 16.131 we can represent an element £' of Conw.{X,C\q^,£c) 
as a sequence (fg, £[, . . .) where £'^. is a W^,-bundle over X^ , such that £[.\x''-i is 
concordant to £k_i relative to C'^~^ and £^|c"« = ('7*^c)lc'=- By induction on k 
we will construct a sequence {£[),£i, . . ) where £k is a ^.-bundle over X*', such 
that ffclx^-i = £k-i-, £k\c>' — '^c|c'=i ^nd q*£k is concordant to relative to 
C''. This new sequence will represent an element £ of Con^. {X, C; £c) mapping 
to the class [£'] under g*. 

We start the induction at the (— l)-skeleton, i.e. X^^ = C^^ = A, £_i = £a, 
and £'_i = q*£A- By the induction hypothesis there is a concordance between 
^fclx^-iuC' cind qt{£k-i U£c|c'=) relative to . By Lemma [6.111 we can find a 
W^,-bundle £'j, over X'^ concordant to 5^ relative to C'^ such that £k\x>'-^yjc>' — 
Q*{£k-i U £c\c'')- We claim that 

q,: Conz.{X\x''-'uC'';£k-iU£c\c^) ^ Conw.{X\x''-^UC'';q,{£k-iU£cl 

is surjective. If the claim holds, then choose £k to be any ^.-bundle over X'^ 
equal to £k-i U £c\c'' on 
the inductive step. 

To prove the claim observe that X'^ can be constructed from X'^^^ U C*'' by 
attaching fc-cells. By Corollary 16. 81 and the fact that Con turns a disjoint union 
of spaces into a product, it is sufficient to prove that 

Conz.iD'',S'''^;£s>.-i) ^ Conw.iD'' , S""-' ; q,£s^-i) 

is surjective for all k and Z.-bundles £^sfc-i over S''-^. By Lemma [6ll7|£s'=-i 
is concordant to a finite Z.-bundle. By Proposition 16.161 nothing is lost by 
assuming that i?5fc-i actually is finite. Applying Lemma [6.171 we see that the 
claim holds if 

Con^JD^S''=-^£:sfe-l) ^ Con^^(L>^S''^-l;q,£:sfc-l) 
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is surjective, which is precisely the hypothesis of the proposition we are proving. 

□ 

We now simpHfy by noticing that any ordered Cech complex U, has free 
degeneracies, see [9| Definition A. 4]. This means that U, is the image of a pres- 
implicial space TV, under the left adjoint to the forgetful functor from simplicial 
spaces to presimplicial spaces. It is easy to see what N, must be; we define the 
fc-simplices by 

Nk= U Uo^o-c,, 

ao<-<ak 

and we call iV, the non-degenerate part of U,. Define V^N, to be subspace oiNk 
consisting of points in the image of some face map di, i.e. L'^N, = [J^ di{Nk+i) 
Because of the proposition above we are lead to study simplicial maps whose 
domains are ordered Cech complexes of finite and totally ordered covers U. Let 
us make the necessary preparations for the construction of maps N, Z, by 
downward induction on simplicial degree: 

Lemma 6.19 Let N, be the non-degenerate part of the ordered Cech complex 
corresponding to a finite and totally ordered open covering. The following prop- 
erties are satisfied: 

i) There exists an integer K so that Nk — for k > K . 

a) If di{x) — dj{y) G Nk, i < j there is a z ^ Nk+2 such that y = di{z) and 
X = dj+i{z). 

Hi) The obvious map 

0<i<fc+l 

is a quotient map. 

Proof: Let K be the number of elements in the cover. The next two statements 
are general properties of the non-degenerate part of an ordered Cech complex. 

Addressing the last statement, we consider a subset V of Nk such that all 
d'^^{V) are open in iV^fc+i. We have to show that V n L^N, is open. We 
can assume that ^ is a subset of some Uao---ak- Notice that all V DUp are 
open for /3 ^ a^. The result follows since V fl L^N» equals the finite union 

Remark 6.20 In the Reedy formalism, see J 161 Chapter 15], one considers 
the category of diagrams, X, indexed by a Reedy category 6. Each object in 
C has a degree, and the usual way of constructing a map / : X ^ Y between 
diagrams is by increasing induction on the degree. Associated to a diagram 
X and an index a G C there are the so called latching and matching objects, 
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La'K Xq MqX. /// is already defined in degrees below a, this fixes maps 
of latching and matching objects, and an extension of f to Xq must respect this. 

In our case the presimplicial indexing category clearly is a Reedy category. 
However, the union L'^N, C Nj~ is neither a latching nor a matching object. 
This is not so strange; we are preparing for downward induction on degree, and 
L'^N, plays the role analogous of a latching object. The analogy for the matching 
object is the terminal space. 

The following lemma plays the role of "a homotopy extension property" for 
the inclusion L^N, ^ N^. In a vague sense this is dual to Segal's definition of 
a good simplicial space, [26j. 

Lemma 6.21 Let N, be the non-degenerate part of the ordered Cech complex 
corresponding to a finite and totally ordered open covering U of a normal space X 
and let Z be a topological space. Given g: Nk ~^ Z and G : L^N, x I ^ Z with 
g{x) = G{x,0) for all x in L'^N,, there exists a shrinking W ofU, inducing an 
inclusion Nl ^ N,, and a homotopy G'^ : x I ^ Z such that g{x) = G'^{x, 0) 
for all X & Nl and G{x,t) = G^{x,t) for all x G L^Nl and tel. Moreover, 
if t ^ G{x,t) is constant for some x € D L^N,, then t ^ G'^{x,t) is also 
constant. 



Proof: Let K be the number of elements in the cover. Choose a partition of 
unity {ijja} subordinate to U. For e > define be the family of open sets 
{'ip~^ (e, 1]}. If e is small, e < then is also a cover. Let ip: Nk ^ I he the 
map given on each intersection Uao---ak the sum J2p=iai '^P- Notice that the 
support of V' is contained in L^N,, and that (e, 1] equals L'^N^. 
Define a homotopy G'^ : Nj. x I Z hy the formula: 



G'{x,t) 



g{x) lix^L^N,, 
G{x, t) \{ X & L^N, and \l){x) > e, and 

^ G{x, ^t) if X e L^N, and V(^) < £■ 



Let be the restriction of G^ to N^ x I. 



□ 



By shrinking the cover we also get a "lifting property" up to homotopy: 

Proposition 6.22 Let h: U, ^ W, and q: Z, ^ W, be maps of simplicial 
spaces. Suppose that each qk- Zk ^ Wk is the inclusion of a strong deformation 
retract, and that U, is the Cech complex of a finite and totally ordered open cover 
U of a normal space X . There exist a shrinking W ofU, inducing an inclusion 
i: Ul ^ U,, together with simplicial maps g: Ul ^ Z, and F: Ul x I ^ W, 
such that 

Fk{x,0) = hk{ik{x)) and Fk{x,l) ^ qk{gk{x)) 

for all k and x G U^. Moreover, if hk{x) is contained in the image of qk, then 
1 1-^ Fk{x,t) is constant. 
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Proof: It is enough to consider the non-degerenate part N, of J7, . We con- 
struct g and F by downward induction on n. Assume that there exists shrinking 
W of U, inducing i: N, on the non-degenerate part of the ordered Cech 

complexes, and a presimpUcial map 

F": X I W, 

such that FJ}{x,0) — hk{ik{x)) and F'l}{x,l) € qk(Zk) for a\\ k > n and x £ 
N^. To complete the inductive step and define it suffices to construct a 

shrinking W of W and a presimplicial map G : x / — > W, with the following 
properties: 

Gkix, 0) = Fl'{x, 1) for all A: and a; e N^' , 

Gk{x,t) ^ FJ}{x, I) \{ k > n, X £ N^.' , and t e I, and 

Gn{x, 1) e qn{Zn) C Wn for all X G iV|'. 

Then we obtain F""^ by composing the homotopy F" with the homotopy G. 

We construct G by downward induction on k. For k > n, the conditions 
already define Gfe. We start the induction at fc = n and take — W. Let 
i?: W„ X / — » VF„ be the deformation retraction into (7„(Z„), and define G„ 
by the formula Gn{x,t) = H{F"{x,l),t). Observe that the image of G„+i is 
contained in g„+i(Z„+i), whence the definition of G„ ensures commutativity of 
the diagram 



G„ + i 
qn+l{Zn+l) 



di 



+ 1 



Thus G satisfies the presimpHcial relations in simplicial degrees k > n. It 
remains to defined Gk for k < n. 

For each step in the inductive construction of G we will shrink the cover W 
to a smaller cover W . So we implicitly restrict the domains of the Gfe's already 
constructed. Assuming that Gk+i ■ A^l+i x / — + Wk+i already has been defined 
we proceed to define Gk- 

Because of Lemma lG.lQI ii) , there is a well defined set map Gk : LI^N:' xl^Wk 
such that the following diagram commutes 



■ L^Ni X I 



Gk-\- 



Wk+i 
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for all di. According to Lemma [6.19l iii). Gk is continuous. By Lemma [6.21^ 
we can find a shrinking of the cover , inducing an inclusion C , 
together with a map Gk- x I ^ Wk such that Gk{x,0) — FJ}{x,l) for 
X G Nf, and Gk{x,t) = Gk{x,t) for x G L'^N^' and t £ I. 

This completes the inductive step, and the proof of everything except the 
last part. However, tracing the proof it is easily seen that all homotopies fix 
points X G iV' having hk{x) G qk{Zk). □ 



Corollary 6.23 Let X be a space and A a subspace such that (X^A) has the 
homotopy type of a CW pair. Let q: Z, ^ W, be a simplicial map which in 
each simplicial degree is the inclusion of a strong deformation retract. Let £a 
be any Z, -bundle over A. Then 

Conz. (X, A;£a)-^ Conw. (X, A; q^Sa) 

is a bijection. 



Proof: According to Proposition 16. 181 it is sufficient to show that the induced 
map 

is surjective when fixing an arbitrary integer n and a finite .^.-bundle £5^1-1 over 
the boundary sphere. Let £' be a finite T4^,-bundle over Z?" whose restriction 
to S"~^ equals g,(?5,»~i. Let U denote the corresponding finite and totally 
ordered open cover, and let h: U, —>■ W, be the simplicial map associated to 
£' . Applying Proposition 16.221 we get a shrinking W oiU, an induced inculsion 
of ordered Cech complexes Ul ^ C/,, a simplicial map g: Ul — » Z,, and a 
homotopy F : Ul x I —> W, between the restriction of h to Ul and qg. 

The shrinking W of U gives us a family of inclusions {U^ ^ Ua}- For each 
a define U^ to be the open subset U^ x I UUa x [O, i) of -D" x /. Together all 
the U^ constitute a cover U" of D" x I. Let 4>" : Ul' W, be the simplicial 
map given in simplicial degree k as 




for X £ Uk and < t < ^, and 
1) for a; G f/^ and i < t < 1. 



This simplicial map explicitly defines a M^,-bundle £" over x /. The re- 
striction of £" to Z?" X {0} lifts to a Z,-bundle £ represented by the simplicial 
map g: Ul ^ Z,. Moreover, the restriction of £" to 5*"^^ x / lifts to a con- 
cordance between the restriction £\s^-^ and our fixed Z,-bundle £5^-1. Denote 
this concordance by f^n-ix/. 
Now consider the diagram 

Con£ p", S^-^■£\s.-^) Con^, {D^ ,S^-^■q,£\s.-^ ) 



Con^, {D^\ S"-^;£s.-i) Con(^^ {D\ S"-^;q,£s.-i) 
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The vertical maps, see Proposition I6.16[ corresponds to gluing the concor- 
dances fgn-ix/ and q*£s"-^xi along the boundary sphere. They are bijections 
by Lemma 16.151 We started by picking a W,-bundle £' representing an ele- 
ment from the lower right corner. The Z,-bundle £ represents an element in 
Con^^ (£)", S""^^; f Is— i), and £" produces a concordance between the image of 
g, [£571-1 x/]*^ and £' . Hence is surjective. □ 

We say that two simplicial maps p,q: Z, ^ W, are topologically homotopic 
if there exists a simpHcial map F: Z, x I ^ W, with Fk{x,0) = Pk{x) and 
Fk{x,l) = qk{x) for each k and all x <E Zk. 

Proposition 6.24 Let A ^ X be a closed cofibration, and suppose thatp, q: Z, 
W, are topologically homotopic. Given any Z, -bundle £a over A there exists 
a W, -bundle £'j^xj over A x I, restricting to p^:£a and q^,£A on A x {0} and 
A X {1} respectively, making the following triangle commute 

Conz.{X,A;£A) 

p. 

Conw.i^^^iP*^A) ''-^^ ^ ConH'.(X, A; g*^^)- 

Proof: Let F : Z, x I ^ W, denote a homotopy between p and q. 

Given an ordered open cover U of X we define a cover W oi X x I consisting 
of the open sets Ul^ = Ua x I where Ua S U. The corresponding ordered Cech 
complexes satisfy U', — U, x I. 

Let £ be a Z.-bundle over X equal to £a on A, and consider the associated 
simplicial map 4>: U, ^ Z,. Subordinate to the cover W we define a W^,-bundle 
£' over X x I having as its simplicial map the composition 

U, = U, X I > Z, X I — >W,. 

The restriction of to A x / defines the concordance £'axi between p^£a and 
q<t£A- Moreover, £' yields a concordance between [£^x/]*P*^ and g»£. □ 

Theorem 6.25 Let A ^ X be a closed cofibration such that {X,A) has the 
homotopy type of a CW pair. Let f : Z, ^ W, be a simplicial map such that 
each fk is a homotopy equivalence. Let £a be any Z, -bundle over A. Then f 
induces a bijection 

/, : Conz. (X, A; £a) ^ Con^. {X, A; f,£A). 

Proof: Let M, be the degreewise mapping cylinder of /. There are inclu- 
sions of degreewise strong deformation retracts i: Z, ^ M, and j : W, ^ M, . 
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Moreover, the map jf is topologically homotopic to i. According to Propo- 
sition [6211 there exists a concordance f^x/ of M,-bundles between j^^a and 
j*f*£A making the following diagram commute 

Conz. (X, A; £a) ^ Gonw. (X, A; ^Sa) 

ConAf. {X, A; i^Sa) i^^iJ ConM. {X, A] J^/^Sa)- 

The vertical maps are bijections by Corollary 16. 231 The bottom map is a bijec- 
tion by Lemma 16.151 □ 

In our next line of arguments we will show that filling a horn in Z, does not 
affect the concordance classes of Z,-bundles. 

A shrinking W of U induces an inclusion of ordered Cech complexes i: U',^ 

U,. Given a simplicial map U, Z,, we define the cover-restriction of 4> to W 

the composition U', ^ U, Z,. Similarly, if £ is the Z,-bundle associated to 
(j), then we denote the Z,-bundle associated to (fii by i*£, and call it a cover- 
restriction of £. 

Proposition 6.26 Leth: A^''' Z, be ak-horn of dimension n in a simplicial 
space Z,, and define q: Z, ^ W, by filling this horn, i.e. W, is the pushout of 
l^n ^ ^n,k ^. jj^ ^ ^ simpUcial map from the ordered Cech 

complex associated to a finite and totally ordered open cover U of a normal space 
X. Then there exists a zigzag chain of finite and totally ordered open covers 

U ^UqCU[DUiCU22 ■■■<^ D Us-i <^U',D Us 

together with simplicial maps 4>i and 4>^ from the various ordered Cech complexes 
into W, such that each (j)i is equal to the cover-restriction of both 4>i_i and 4>[, 
and the last simplicial map 4>s lifts through q: Z, ^ W, . Moreover, if A is a 
subset of X such that 4> restricted to 14 H A already lifts to Z,, then we may 
assume that the restriction to A of all 4>[ and 4>i also lifts to Z, . 

At the center of this long and complicated proof there is an unpolished gem; 
the emptying of the horn by modifications of the cover. 

Proof: It is enough to consider presimplicial maps from the non-degenerate 
part of the various ordered Cech complexes. 

Our focus will be to move : TV, ^ away from the fcth face of the filled 
horn. Recall that the r-simpHces of correspond to order-preserving maps 
9: [r] ^ [n] . Denote by wo the r-simplex in Wr corresponding to 9 under the 
simplicial map A^' W,. Let Q be the set of all 9 that factors as a surjective 
map [r] [n—l] followed by the coface map Sk ■ [n~l] [n] that omits k. Here 
we allow r to vary. Choose a total ordering on O such that 9i < 92 whenever 
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the domain of 9i contains fewer elements than tiie domain of 62. Each 9 E Q 
corresponds to a degenerate simplex above the A;th face of A^. Furthermore, 
for all ^ e 6 the simplex wq is an isolated point of Wr ■ 

The cover U has a finite and totally ordered indexing set J. An order- 
preserving injection p: [r] ^ I determines a subset Up = J7p(o) n • • • fl C/p(r)- 
Moreover, Up is a summand of Nr. If the presimplicial map (j): N, ^ W, does 
not factor through q: Z, ^ W, , then some degenerate simplex above the fcth 
face of A^' lies in the image of (j). From now on reserve 6* as a symbol for the 
maximal element of © such that wq is contained in 4>r{Nr) for some r. 

Define the -valence of a presimplicial map 4>: N, ^ W, to be the number 
of order-preserving injections p: [r] I such that (j)r{Up) contains we. We will 
soon construct a finite and totally ordered cover W containing as a subcover 
together with an extension 4>' : N', ^ W, of (j) such that there exists a shrinking 
W of W where the cover-restriction (j)'^ : Nl — > W, of (j)' has smaller 6*- valence 
than (j). Repeating this construction we will eventually reach a presimpHcial 
map of f?- valence zero, i.e. the point wo is no longer in its image. By downward 
induction on G the forthcoming construction will establish the lemma. 

For such a maximal 6 choose any p with wq S (f)r{Up). Let j be the largest 
integer such that 9(i — 1) < k. Define the indexing set T' by inserting into I 
a new index (} as the successor of p{j — 1), i.e. we have Z' = I U Since 
We is an isolated point of Wr the subset of Up mapping to 6 is both closed and 
open, and we define Ub = Up n (t>^'^{wo). Now view Ufi as a subspace of X , and 
consider the restriction of the presimplicial map (j) to Ufj. We claim that there 
is a factorization of (?i|(7^ as a presimplicial map N,nUp^ A'^ followed by the 
simplicial map A^ W,. 

Let us verify this claim. Given an order-preserving injection r: [t] ^ 1 let 
t be the smallest integer such that there exists order-preserving injections f, p, 
and u making the diagram 




commute. Observe that f, p, and u are unique. Informally, f is the union of r 
and p. 

By the constructions above (pr maps any x in Up (1 Up to we in Wr . Suppose 
that Uf meets Up and take some x in Uf D Up. Observe that (j)i{x) e is 
sent to we by the face operator p* corresponding to p: [r] ^ [t]. Inspecting the 
definition of W, we see that all simplices mapping to we by some face operator 
lies in the image of A^ W,. Hence 4>i{x) = wg for some 6: [t\ ^ [n]. The 
equation 9 = 9p is satisfied, and for any i G [t\ outside the image of p we must 
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have 9{i) = k. Otherwise we get a contradiction, i.e. some ^2 > ^' in O would be 
in the image of (j). Thus 9 is uniquely determined. At last we see that (pt maps 
any x € Ur CiU^ to wg^ in Wt- This completes the verification of the claim. 

Now define the cover W as the union U fl {C//3}. Any extension 4>' : ^ 
W, is completely determined by the restrictions of (jf'^^i to Ur' for the order- 
preserving injections r' : [i + 1] I' containing /3 in their image. For any such 
t' define r and 5i by the pullback diagram 



J'. 

Applying the notation introduced above, we define 9' : [t + 1] ^ [n] by 9'{l) = k 
and 6'Si = 6v. For x in Ur' =UrC\ Up define (jit+i by the formula 

+ = Wg,. 

Since dl(p^_^_;^^{x) = wo's^ = w^^ = (j)t{x) it follows that (j)' satisfies the presimpli- 
cial identities. Furthermore, (p and (j)' have the same ^-valence since wg is not 
contained in any (/>j^]^(C/r')- What remains to be proved is that we can find a 
shrinking of W such that the cover-restriction (j)'^ of </>' has 0- valence smaller 
than the ^-valence of (p and (f)' . 

Since U is a finite open cover of a normal space, we can choose a partition of 
unity {tpa} subordinate to the cover U. Let C be the closure oiU/3 in X. Define 
B to be the set of all points x G X \ C/g with tpp(i){x) = for i = 0, . . . ,r. 
Because Up \ Up is an open neighborhood of i? in X, we sec that B and C 
are disjoint closed subsets in X . By the Tietze extension theorem there exists 



a continuous function e: X 



such that e{x) = for all a; G C and 



^i^) — for all x in B. Informally, we think about the points x with all 

'^p{i)i^) = Tqrr ^^^'^ b'*'^^ guys. The role of e is to separate the bad points 
inside U(3 from those outside. 

We will now define a shrinking of W by shrinking the J7p(i) while leaving 
the other open sets unchanged. Define J/^^-^ to be the set of all points x e 
satisfying the inequality 

r ■ '>Pp(i){x) + e{x) > '>pp(o){x) H h tpp{i-i){x) + V'p(i+i)(a;) H h Vp(r)(a;). 

Explicitly, the cover W is given as the union {[/^(j-jl^^o U {Ua}a^p(i)^p U {Up}. 
Let us verify that W really is a cover of X. Take an arbitrary point a; in X. 

i) If J2l=o ^p(i)(''^) < 1' then x € Ua for some a € X outside the image of p. 

ii) If 'il>pQ^{x) > ^rp- for some j, then 

r 

(r + 1) • V'pa)(a;) > 1 > ^ VpW 
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Consequently, x lies in U^f^^y 

iii) If x e B, then ^p(^i){x) = ^r^j for i = 0, . . . , r and e{x) = Hence, 

T ^ 

r ■ V'p(o) {x) + e(a;) = 1 > — - = ^ Vp(*) (2;) ■ 

So, a; lies in C^p(o)- 

iv) Otherwise, all ■ipp(i-)(x) = ^q-j- and x ^ B, whence x G C/^. 

This shows that indeed is a cover of X. 

Define (j)'^ : ^ W, to be the cover- restriction of 0' overW^ C U' . We claim 
that the 6'- valence of 4>'^ is less than the 0-valence of (f)' . More precisely, we is 
contained in 0'(C/p), but not in 4>'^(Up). To see this, assume for a contradiction 
that — wg for some x G Up. By definition of Up, we see that such x must 

be contained in J7^, and consequently e(x) — 0. Moreover a; satisfies each of the 
inequalities defining U^^-^ for i — 0, . . . ,r. Adding all these inequalities we get 

r r 

^(r • il)p(j){x)) +r ■ e{x) > ^ ^ i/'p(,) (a;), 

which contradicts e{x) — 0. 

Addressing the last statement of the lemma, we consider a subset A G X 
such that the restriction oi cf) io N,{^ A already lifts through q: Z, ^ W, . Let 
6, p, and Up be defined as above. Notice that ACiUp must be empty, otherwise 
wg would be in the image oi (j)\A- Consequently, the restriction of W —h(U{Up} 
to A equals U f] A, and similarly 4>\a = 4>'\a- It follows that (j)'\A lifts through 
Zf. Since 4''^\a is a cover- restriction of also the restriction of (f)"^ to A lifts 
through Z,, and we are done. □ 

Corollary 6.27 Let X be a space and A a subspace such that {X,A) has the 
homotopy type of a CW pair. Let h: A^' ^ Z, be a horn in a simplicial space 
Z, , and define q: Z, ^ W, by filling this horn, i. e. let W, be the pushout of 
AJ^ ^ K'i'^ Z,. Let Ea he any Z, -bundle over A. Then 

Conz. (X, A-,£a)^ Goww. (X, A; q^EA) 

is a bijection. 

Proof: By Proposition 16. 181 it is enough to show that q induces surjections 
q.: Con^.p™,^™-1;£5"-0 ^ Con^. (I?", g.^g^-i) 

for arbitrary integers m and finite .^.-bundles Eg^-i over the boundary sphere. 
Let Eq be a finite W,-bundle over I?™ whose restriction to S"""^ equals (7»f . 
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Let Uq denote the corresponding finite and totally ordered open cover, and let 
4'o- ^ W, be the simplicial map associated to Sq. By Proposition [626] there 
exists a zigzag chain of finite and totally ordered open covers 

Ua QU[^Ui <ZU'2^ . . . Q U',_^ D Us-i ^U'^DUs 

together with simplicial maps 0i and ■ from the various ordered Cech complexes 
into W, such that each ipi is equal to the cover-restriction of both 4>i-i and 
(j)'^, and the last simplicial map (j)s lifts through (7: Z, — > W,. Moreover, the 
restriction to A of each (fi'^ and lifts to Z, . 

We will now build a concordance £d"'xi between M^,-bundles such that 
«o^D"x/ = £0 while the restrictions of £d"^xi to x {1} and S""^^ x / lifts 
to ^.-bundles. Let be the indexing set of U^. The elements of Ui and 
will be denoted by Ui,a and ^ respectively, and we extend the notation by 
letting Ui^a — and Ul „ —% whenever the index a lies outside the respective 
indexing sets. Now define a cover U oi X x I indexed by the union 2 ~ Ui=i 
by defining the open set to be the union 

We define a simplicial map 4> from the ordered Cech complex of U into VF, by 
defining each restriction (j)\x-x_^L"^ to be equal to (f)i whereas each restriction 

4'\xx{t} is defined equal to 0- for all t between ^ and ^. Let Sd'^xi be the 
W,-bundle corresponding to 0: U, ^ W». 

Recall that D™ x 1 jS"^^^ denotes the quotient space of D™ x / where we 
have identified (x, tg) with (x, ii) for x G S™~^ and any two io,^i G Let 
H: D-"^ X I/S"'-'^ ^ X / be a map with i7(x, 1) e S""-^ x / U L*™ x {1} 
and H{k,Q) = (x, 0) for all x £ D™. Then H*£d"'xi gives a concordance rela- 
tive to q^£sm.-i between the M^,-bundle £0 and another T4^,-bundle £' such that 
£' = q^£ for some Z, -bundle £ with f Is^-i — £3^-^- Thus we have shown that 
the map Con^ (D™, S""-!; ^s—O ^ Con^ (£>", 5""-^; g^fg^-i) is surjective. 

□ 

We will now show how Quillen's small object argument, see for example [HI 
Proposition 7.17], can be use to replace an arbitrary simplicial space Z, with 
a simplicial space Z, satisfying the topological Kan condition. Definition 14.11 
First observe that Z, satisfies the topological Kan condition if and only if all 
horn filling problems of the forms 

^n,fc ^ 2, and xlx K'^ U x {0} x A^^ 5 Z, 

K X I X A'i 
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can be solved. Therefore we define J as to be the union of the sets of simplicial 
maps 

{A^^''^' ^ A"^} U X / X K^^'' U I?' X {0} X £>' X / X A;*} 

where the integers k, I and n vary freely. 

A relative J -cell complex is a map q: Z, ^ W, that can be constructed as a 
transfinite composition of pushouts of elements of J, see [T6| Definition 10.5.8]. 
A presentation of a relative J-cell complex q: Z, W, is a particular choice 
of how to construct W, from Z,, see [El Section 10.6]. Moreover, a suhcomplex 
of a presented relative J-cell complex q: Z, ^ W, is a presented relative J-cell 
complex q' : Z, W, together with a map W, sending each J-cell of 

to a J-cell of W, . A relative J-cell complex is finite if it can be constructed 
by attaching only finitely many J-cells, i.e. if the transfinite composition is 
actually finite. 

Lemma 6.28 Let C, be a presimplicial space such that each Ck is compact and 
there exists an integer K such that Cfe = for all k > K . Let q: Z, W, he 
a relative J-cell complex. Then for any presimplicial map f : C, ^ W, there 
is a finite suhcomplex q' : Z, ^ Wl such that f factors as a presimplicial map 
f: C, ^ followed hy the suhcomplex inclusion Wl — + . 

Proof: Fix a presentation of g : — > W, , and observe that each qk'. Zk ^ Wk 
is a relative cell complex of topological spaces. By Proposition 10.8.7] 
it follows that fk ■ Ck Wk intersects only interiors of finitely many cells. 
Using that Ck is non-empty in only finitely many simplicial degrees, we see 
that the image of / intersects only interiors of finitely many J-cells of the given 
presentation of Z, — » W, . 

To finish the proof it is enough to show that each J-cell of W, is contained in 
a finite suhcomplex. The argument uses a transfinite induction over the given 
presentation of the relative J-cell complex. Observe that the non-degenerate 
part of the domain of a J-cell satisfies the same assumptions as the presimpli- 
cial space C, . It follows from the first part of this proof that any attaching map 
of a J-cell intersects only interiors of finitely many J-cells. By the induction 
hypothesis it follows that the attaching map of a J-cell has image contained in 
a finite suhcomplex, and we are done. □ 

Proposition 6.29 Let X he a space and A a suhspace such that {X,A) has the 
homotopy type of a CW pair. Let q: Z, ^ W, he a relative J-cell complex. 
Then for any Z,-hundle Ea over A the induced map 

Conz. {X, Z; £a) ^ Conw. {X, A; q^EA) 

is a bijection. 
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Proof: Using Proposition 16 . 181 we reduce to showing that q induces surjections 



for any m and finite Z,-bundle £5^-1 over the boundary sphere. Let £q be a 
VF,-bundle that equals 5*^5™-! over S"""^, and let U be the finite and totally 
ordered cover associated to £o- Choose a partition of unity {V'q} subordinate 
to U. Denote by 0: C/, ^ W, the simplicial map associated to £. 

Since U is finite there is an e > such that W defined as {(/)^^ (e, 1]} is 
a cover of D™. Between U and its shrinking W there is a cover {4>a^ [e, 1]} 
consisting of compact subsets. Associated to these three covers we have the 
non-degenerate part of the ordered Cech complexes and natural inclusions 

Nl -> C. N,. 

We observe that C,, associated to the compact cover, satisfies the condition of 
Lemma [6.28l Consequently, the restriction of <f) to C, factors through some finite 
subcomplex q' : Z, ^ W', of the relative J-cell complex g: 2', — > W,. Hence, 
the restriction of 4> to Ul factors as a map Ul followed by the subcomplex 

inclusion Wj, W, . Using the technique from the proof of Corollary 16.271 we 
can now construct a finite M^^-bundle £' with £'\sm-i = q'^£sm-i such that the 
associated iy,-bundle is concordant to £0 relative to S"""^. Thus [£o] is in the 
image of 



Since q' : Z, — > is a finite relative J-cell complex there is a finite chain 
of simplicial spaces 

z, = w° ^w^ ^w^ ^ > wr^ = 

such that each W,*"*"^ is the pushout of some element from J. Let 

denote the composition Z, Wl . We claim that for each i the induced map of 
concordance classes 

Con/,,p",5""i;g:£5"-0 ^ Con(^,^,{D"^,S"^-';ql+'£s^^-i) 

is a bijection. There are two cases to verify. First, if W^'^^ is the pushout of 
X / X A'; ^ D' X J X Kl'^\JD^ x {0} xl^-^^Wl, then Wi Wl+^ is in each 

simplicial degree a homotopy equivalence, whence the map above is a bijection 

by Theorem [6251 Secondly, if W'+^ is the pushout of A^^ A^'*" -> Wl, the 

the map above is a bijection by Corollarv 16.271 
Composing these bijections, we get a bijection 



Thus there is a Z,-bundle £ whose restriction to S™ ^ equals f^m-i and such 



g.: Con£p"\5™-i; 55.-0 ^ Con^, (I?", g.^s-^O 



Con^,(D™,5"-i;g:£5."-0 "> Gon{^^{D"\S"^-';q.£sr.^^). 



Co4^{D^,S"^-';£s^-.) ^ Con{^,{D^-,S^-'-q:£s^-.). 




□ 
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Lemma 6.30 If q: Z, ^ W, is a relative J -cell complex, then its geometric 
realization \Z,\^ |T4^, | is a weak equivalence. 

Proof: Pushouts commutes with geometric realization, and the geometric 
realization of any element of J is both a relative CW complex and a weak 
equivalence. The conclusion follows. □ 

By Quillen's small object argument we now get: 

Theorem 6.31 Let Z, be a simplicial space, let X be a space, and A a subspace 
such that {X, A) has the homotopy type of a CW pair. Then there exists a 
simplicial space Z, together with a simplicial map q: Z, ^ Z, such that 

i) Z, satisfies the topological Kan condition, 

a) for any Z, -bundle £a over A the induced map 

Conz. {X, A; £a) ^ Con^^ {X, A; q,£A) 

is a bijection, and 

Hi) the geometric realization \q\: \Z,\ \Z,\ is a weak equivalence. 

Moreover, if Z, is a good simplicial space, then Z can also be taken to be a good 
simplicial space. 

Proof: The set J of simplicial maps permits the small object argument. By 
the small object argument, see for example [El Proposition 10.5.16], it is pos- 
sible to construct a simplicial map q: Z, ^ Z, such that g is a relative J-cell 
complex and Z, * has the right lifting property with respect to any elemeny 
of J . The last statement immediately implies that Z, satisfies the topological 
Kan condition. By Lemma [6.301 the geometric realization |g| is a weak equiva- 
lence. Property iii) is implied by Proposition 16.291 □ 

Remark 6.32 It is natural to ask for a model structure on simplicial spaces 
such that the weak equivalences are the maps Z, — > W, that induce bisec- 
tions q: Conz.{D"\S"'-^;£s^-i) Convy. (£»'", S'"'"^ 9»fs—0 for all m 
and £s"^-^ ! and fibrant objects are the simplicial spaces satisfying the topological 
Kan condition. Such a model structure would not be identical to the realiza- 
tion model structure of ^24j. We would like more fibrant objects, compare 124\ 
Lemma 8.10]. However, answering this question is beyond the scope of the 
present paper. 
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7 Proof of Theorem 11.11 



We want to relate concordance classes of Z.-bundles to homotopy classes of 
maps into the geometric realization \Z,\. Intuitively, a 2',-bundle over X is a 
simplicial map (j): U, ^ Z,, and realizing gives a map \U, \ \Z,\. As explained 
in there is a natural weak equivalence X ^ \U,\ for any ordered open cover 
U. Whenever X has the homotopy type of a CW-complex each Z,-bundle yields 
a well-defined homotopy class of maps from X into \Z,\. Actually, we will not 
use Dugger and Isaksens weak equivalence, but rather we compare homotopy 
classes and concordance classes by more direct means. 

Given a topological space Y there are several ways to functorially associate 
a simplicial space. We have the constant simplicial space C, (F) defined in 
each simplicial degree as Ck{Y) — Y and with all face and degeneracy maps 
equal to the identity map on Y. On the other hand we have the continuous 
singular simplicial space S,{Y) whose space of fc-simplices is the mapping space 
Top{A'' ,Y). Observe that C,(— ) is the left adjoint to the space of O-simpHces 
functor Z, t-^ Zq and that >S',(— ) is the right adjoint to geometric realization 

of simpHcial spaces. Since we have a homeomorphism Y ^ So{Y) there is 
a natural map C,{Y) S,{Y). Inspecting the definitions, we see that this 
natural map assigns to a point y in Ck(Y) = Y the constant map sending all 
of A*^ to y e F. We may also consider the discrete topology on the set of maps 
^fe _^ Y Tijig defines the singular simplicial set Sing, Y. There is a natural 
simplicial map k: Sing, F S,{Y) given as the identity on the underlying 
sets. 

Lemma 7.1 The simplicial spaces C,(Y), S,(Y), and Sing, y are good, the 
geometric realization \C,{Y)\ is naturally homeomorphic to Y, and the natural 
maps induces weak equivalences 

Y=\C,iY)\^\S,iY)\^\Smg,Y\. 

Proof: Clearly Ct{Y) is a good simplicial space, i.e. all degeneracies are 
closed cofibrations, and we see that the geometric realization of C,(Y) is natu- 
rally homeomorphic to Y. Furthermore, it is not difficult to show explicitly that 
the map Top{A''~'^ ,Y) Top{A'',Y), induced by tii : A*" ^ A''"^, is the inclu- 
sion of a deformation retract. Consequently, also S,{Y) is good. The singular 
simplicial set is in each simplicial degree discrete, hence Sing, Y is good. 

Let q: Z, ^ W, be simplicial map between good simplicial spaces. It is a 
classical result that the geometric realization \q\ is a weak equivalence if each 
Qfc : Zfc — > Wk is a weak equivalence, see for example [20} Section 2.2]. This 
appHes to the simpHcial map C,{Y) S,iY), i.e. we have a weak equivalence 

Y-i\C,{Y)\^\S,{Y)\. 

It is well-known that the counit of the adjunction between | — | and Sing, 
is a natural weak equivelence | Sing, Y\ ^ Y . Now observe that the counit 
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of the adjunction between geometric realization and the functor S,{—) is a 
retraction to the weak equivelence |C,(y)| ^ |S',(y)|. The result now follows 
by commutativity of the diagram 

\S,iY)\^ ^ I Sing, y I 




Y. 



□ 

Let A be a subspace of X, and fix a continuous map g: A Y. Denote by 
[X, A; Y, g] the set of maps f : X ^ Y whose restriction to A equals the fixed 
map / modulo homotopy relative to A, i.e. two such maps /o and /i represent 
the same class if there is a homotpy between them that is constant equal to g 
on A. 

Let 4>: U, ^ C,{Y) be the simplicial map of a C, (y)-bundle E over X 
subordinate to some ordered open cover U. At the level of 0-simplices 4> maps 
each open set Ua into Y . Moreover, these maps agree on each intersection 
UariUp. Hence (j) comes from a continuous map X ^Y, and we call this map 
the underlying map of the C,(y)-bundle. We now have the following important, 
but easy observation: 

Proposition 7.2 Let X and Y be topological spaces, and let A be a subspace of 
X. Let g: A Y be the underlying map of a C,{Y)-bundle £a over A. Then 
the underling map of C,{Y) -bundles defines a natural bijection 

Conc.iY){X,A;£A) ^ [X,A;Y,g]. 

Proof: We compare the notion of a map X ^ Y to the notion of a C,{Y)- 
bundle over X. The only additional piece of data contained in the latter defini- 
tion is the choice of an ordered open cover U over X. Clearly any two ways of 
making this choice is equivalent up to concordance. The result follows. □ 

Let us compare C, (y)-bundles and S',(y)-bundles. 

Proposition 7.3 Let A ^ X be a closed cofibration such that {X, A) has the 
homotopy type of a CW pair. Let Y be a topological space, and let £a be any 
C\{Y)-bundle over A. Then the natural map i: C,(F) S,{Y) induces a 
bijection 

Conc.(y)(X, ^ Cons.(y) (X, A; i^^a). 

Proof: This follows immediately from Theorem 16.251 since the simplicial map 
i in each simplicial degree fc is a homotopy equivalence Y = Cfe(y) S-k{Y) = 
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Top(A'=,y). 



□ 



Let us also compare )-bundles for weakly equivalent spaces Y and Y' . 

Corollary 7.4 Let A ^ X be a closed cofibration such that A has the homotopy 
type of a CW complex and {X, A) has the homotopy type of a CW pair. Let 
/: Y ^ Y' be a weak equivalence, and let £a he any S,{Y)-bundle over A. 
Then f induces a bijection 

Cons,^Y)iX,A;£A) ^ Con5.(y/)(X, A; 



Proof: By Proposition 17.31 there is a C,(F)-bundle £\ over A and a con- 
cordance £axi between the S*. (y)-bundles and £a- By Lemma TG . 1 51 and 
Proposition 16.161 gluing of £axi gives bijections. Hence, we have a diagram 



Conc.(y)(X,A;f;) 



Gons,(^Y){X,A;i^£'^) 



Coiis,(y){X,A;£a) 



Coiis,i^Y'){X,A; f^£A) 



Gonc.(Y'){X,A;f^£'^) — '-^ Cons,(Y'){X, A; fj^£'^) - 

where ® and ® are bijections. Furthermore, ® is a bijection by Proposition [721 
and ® and @ are bijections by Proposition l7.3l It follows that ® is a bijection. □ 

Let Z, be a simplicial space. Since the diagram C,(— ) S,{—) ^ Sing,(— ) 
is natural, we can insert Z, and produce a diagram of bisimplicial spaces 

<-Sing.(Z.). 

Applying the diagonal we recover from C,{Z,) the simpHcial space Z,. Define 
the functors T and D by sending Z, to diagS',(Z,) and diag Sing,(Z',) respec- 
tively. The underlying sets of D{Z,) and T{Z,) are identical. In both cases 
a fc-simplex is represented by a continuous map A*^ — ^ Zk- The difference is 
the topology we place on this set. In the case of D(Z,) we take the discrete 
topology. In the case of T{Z,) we take the compact-open topology on each of 
the mapping spaces. Let k: D{Z,) T{Z,) denote the natural map which is 
the identity on the underlying sets. 

Lemma 7.5 Assume that Z, is a good simplicial space. The geometric realiza- 
tion of Z, T{Z,) ^ D{Z,) gives a diagram of natural weak equivalences 



\Z.\ 



\T{Z,) 



\D{Z,)\ 



Proof: Suppose that W,^, is a bisimplicial space. We can take the geometric 
realization in two steps; first by defining a simplicial space [k] ^ \Wk^, \ and then 
reahzing again to get |[fc] i— > |W^fc,,||, or we can take the geometric reaHzation of 



53 



the diagonal, | diag W^,_,|. It is a classical result that these two construction 
produce naturally homeomorphic spaces. 

By Lemma mi we get for each k weak equivalences 

Zk ^ \S,{Zk)\ ^ I Sing, Zk\. 

The simplicial space Z, is good by assumption, and it is not hard to see that 
[k] ^ |Sing, Zfcl is good. Observing that each degeneracy s^: Z]^ 
is a closed cofibration, we use [30l Lemma 4] to conclude that the induced 
map Top{A\Zk-i) Top{A\Zk) also is a closed cofibration. It follows that 
[k] 1-^ \S,{Zk)\ is a good simplicial space. 

The statement of the lemma follows since \Z,\ \T{Z,)\ ^ \D{Z,)\ is 
homeomorphic to the geometric realization of simplicial maps which are weak 
equivalences in each simplicial degree. □ 

Given a simplicial space Z,, let rj: Z, 5,(1^,1) denote the unit of the 
adjunction between geometric realization and the continuous singular simplicial 
space. We use r\ to relate Z,-bundles to homotopy classes of maps into 
To be precise, if £ is a Z,-bundle over a CW-complex X represented by a 

simplicial map U, —^Z,^ then composing with r\ yields U, S',(|Z,|), and this 
simplicial map corresponds to a well-defined homotopy class of maps X ^ \Z,\ 
by Proposition 17.21 and Proposition 17.31 Our aim is to prove that that r\, under 
reasonable assumptions, induces a bijection between concordance classes. To 
handle a technical point in this proof we need: 

Theorem 7.6 ((Whitney)) Every open subset of S^^~^ is a CW-complex. 

Proof: Every proper subset U of S"""^ embeds as an open subset of M"^^. 
Consider meshes in of cubes with side length 2~*, such that .Jls+i is 

a subdivision oi^s- Following [33l Section 8], we can write J7 as a union IJ^ Kg 
such that Ks consists of cubes in the interiors of the i^s's are mutually 
disjoint, and Kg meets only Ks^\ and if^+i- This is a CW-structure on U . □ 

Lemma 7.7 Assume that Z, satisfies the topological Kan condition and U is 
a good ordered open cover of S"^^. For every simplicial map (j): U, T{Z») 
there exists a simplicial map $: U, x I ^ T(Z,) such that 4> — ^'(^,1) md 
$(-,0) factors as U, D{Z,) ^ T{Z,). 

Proof: Let TV, be the non-degenerate part of the ordered Cech complex U, 
associated to the good ordered open cover U. It is enough to define $ as a 
presimplicial map N, x I ^ T{Z,). Inspecting the definition of T{Zt), we see 
that maps N, T{Z,) can be described by continuous maps (j)k- NkxA'^ ^ Zk 
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such that the following presimpUcial coherence diagrams commute for all face 
maps di'. 



TVfe X A'= 



idxSi 



NkxA 



k-l 




di 



Nk-i X A' 



k-l 



Zk- 



Observe that a map N, T{Z,) factors through k: D{Z,) T{Z,) if and 
only if for each k and t G A*^ the function sending x G to (j^kixjt) is a locally 
constant on N^. 

By definition the space of non-degenerate fc-simplices is = IJao< - <"fc ^"o-- 
Since W is a good cover, each connected component of is contractible. Hence, 
there exists local contractions H'^ : Nk x / — > A^^, i.e. homotopies such that for 
X € Nk we have H^{x, 1) = x, whereas H^{x, 0) is locally constant. 

Let ^fe : Nk X A'^ ^ Zk be the collection of maps that represents the given 
simplicial map <f>: U, —> T{Z,). By induction on k we will construct maps 
$/j : Nk X I X A!^ ^ Zk such that 

i) <^k{x, l,t) = (^/j(a;,t) for all x G Nk and t e A*^, 

ii) for t e A*^ fixed, the expression ^k{x, s, t) is locally constant as a function 



Nk X 





k+2 



Zk, and 

iii) all presimplicial coherence diagrams for $ commute. 
We begin by defining $o- For x G Nq, s G I and 1 G A^ we define 



^o{x,s,l) = 



MH''{x,0),l) 



if s < i 



Next, we construct i>fc from $j, i < k. This is done in four steps: 

First step. In this step we will extend 4'k- Nk x {1} x A*' — > to a map 



$fe : {Nk X 



k + V 



aA'=) U (Nk X {1} X A'^) ^ Zk. 



We will do this by induction over the dimension of proper faces a of A'^ . Given 
a face a, let / be the subset of [k] such that n € / if and only if a is contained 
in the n'th {k — l)-face of A*'. We can, by the induction hypothesis, construct 



a diagram 



Nk X ( 



fc+i ' 



xdaU 



{1} X a) 



Nk X 



^ 1 
fc+i' 



X a ■ 



CAiiZ.), 



where the lower map comes from the ^i, i < k. The vertical map on the left 
side is a cellular inclusion between CW-complexes, and a homotopy equivalence. 
The topological Kan condition says that is a Serre fibration. Hence, a lift 

exists, and we use this to define ^k on Nk x 
Second step. Let 



k+l ' 



X a. 



1 



k + l 



,1 



X A*^ 



1 



k + l' 



.1 



dA^) U ({1} X A* 



be a retraction. For x G Nk, < s < 1, t e A*^, we define 

^k{x,s,t) = <^k{r{x,s,t)), 

where the on the right side is defined by the previous step. 

Third step. Recall that H'' denoted a local contraction of Nk. Choose 



a function /: 



1 1 

fc+2' fe+1 



/ such that /(^) = and /(^) = 1. For 



k+l' 



&Nk, 

k^ < s < 1, t e A*^, we now define 



^k{x,s,t) 



j<l>k{x,s,t) 



\^k{H''{x,f{s)),^„t) if^<5<-^. 



Again, the $/c on the right comes from the previous step. At this stage, 
we should verify that the presimplicial coherence diagrams commute for s G 
i.e. we need to check the equality 



1 1 

fe+2 ' k+l 



di^kix,s,6it) = ^k-i{diX, s,t) 



for all face maps dj, x G Nk, s as above and t G A*^ . This is an easy exercise 



using that equality holds for s = 



k+l 



and that when fixing t the function 



0, 



k+l 



^k-i{y, is locally constant on Nk-i x 

Final step. The steps above define on Nk x 
the domain to all of A^fe x 7 x A^ by 

1 



fc+2' 



X A*^. Now extend 



$fc(x,S,t) = <l>k{x, 



fc + 2 



, t), for s < 



fc + 2 



This completes the construction of all <I>feS. 

Since ^k{x, 0, t) is locally constant for fixed t 6 A*", it follows that $(-, 0) : A^, 
T[Z,) factors through D{Z,). This completes the proof of the lemma. □ 
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Lemma 7.8 Let Z, be a good simplicial space satisfying the topological Kan 
condition. Let U be a good ordered open cover of D" such that the restriction to 
S""^ also is good. Let U, and denote the ordered Cech complex associated 
to U and its restriction to S^~^ respectively. Suppose that the pair (|J7.|, |C^f Q 
is a relative CW-complex. Let (jP be a simplicial map C/f D{Z,), and let <j) 
be a continuous map |C/, | — > |r(Z,)| such that the diagram 

^-^D{Z.) 

u,^s.mz,)\) 

commutes. Here 4> is the adjoint of 4>. Then there exists a simplicial map 

cf>' : U, ^ D{Z,) extending (j)^ such that the composition \U,\ \D{Z,)\ ^—^ 
\T{Z,)\ is homotopic to (j) relative to \U^\. 

Proof: Since |k|: |D(Z,)| \T{Z,)\ is a weak equivalence it follows by 
classical techniques, see [221 Theorem 7.6.22], that there exists a map 0i : ^ 
\D{Z,)\ such that the composition 

\U,\ ^ \D{Z,)\ ^ |T(Z.)| 

is homotopic to (j) relative to \U^\. 

A key idea in what follows is to replace the Cech complexes U, and f/f by 
their simplicial sets of path components V, and . To be precise, we define 
the /c-simplices of V, to be the set of path components of [/fc, i.e. we have 
Vk = TToUk- Because U is good the natural quotient map q: U, V, is a, weak 
equivalence in each simplicial degree. Consequently, we get a weak equivalence 
\U,\^\V,\. Similarly for V,^. 

Inside the mapping cylinder \U,\ x I U\q\ \V,\ we find \U,\ x {0} Uo \U^\ x 
/U|q8| \V^\ lying as a deformation retract. The restriction of 0i to | factors 
through \V^\ since it is the realization of the simpHcial map (j)^ : ^ D{Z,) 
and D{Z,) is a simplicial set. It follows that (/>! extends to a map 

\U,\ X {0}Uo |C/f| X /U|,a| \VS\ ^ \D{Z,)\ 

being constant in the /-coordinate. Using the deformation retraction, we extend 
to a map from the mapping cylinder of q, 

IC/.I x/U|,| \V,\ ^ \D{Z,)\. 

Consequently we get a continuous map 4>2 ■ — * whose restriction to 

\V^\ agrees with the realization of (j)^ and such that there is a homotopy relative 
to \U^\ between (j)i and the composition 

\U,\ ^ \V,\ ^ \DiZ,)\. 
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The adjoint of 4>2 fits into the following solid commutative diagram of sim- 
plicial sets, 

^D{Z.) 



■ Sing. \D{Z,) 



V,- 

Since Z, satisfies the topological Kan condition, we know that D{Z,) is a Kan 
complex by Theorem l4.4l It follows that 77 is a weak equivalence between fibrant 
and cofibrant objects. It is well-known, see for example |17[ Lemma 4.6], that 
under these circumstances the dotted map exists such that the upper triangle 
commutes, while the lower triangle commutes up to homotopy relative to . 
This implies that there is a simplicial map (j)3: V, ^ D{Z,) whose restriction 
to is (j)^ and such that there is a homotopy relative to \U2\ between (1)2 ■ This 
concludes the proof. □ 



Lemma 7.9 Let W be any ordered open cover of D" . Then there exists a re- 
finement U ofW together with a carrier function, such thatU and its restriction 
to S""^^ both are good covers and the pair {\U,\, \U^\) is a relative CW-complex. 
Here U, and are the ordered Cech complexes associated to lA and the restric- 
tion U'^ ofU to S""-!. 



Proof: To prove the lemma we introduce convex fragments of spherical shells. 
We call a subset V of S^~^ convex if 

i) V contains no pair of antipodal point, and 

ii) whenever x and y lies in V then the shortest segment of the great arc 
between x and y is completely contained in V . 

We call a subset U of 13" a convex fragment of a spherical shell if there is a 
convex subset V of S"""^ and an interval J C (0, 1] such that 

i) the set U does not contain the center of 13" , and 

ii) a point x in £)" is contained in U if and only if there exists y ^ V and 
r G J such that x = ry. 

A subset U of 13" is a ball if there exists an interval J C [0, 1] such that G J 
and X lies in U if and only if ||x|| G J. Observe that the intersection between a 
convex fragment of a spherical shell and either a ball or another convex fragment 
of a spherical shell is again a convex fragment of a spherical shell. 

Given the ordered open cover W we let U be an ordered open cover such 
that 

i) each Ua in lA is either an open ball of radius less than 1 or a open convex 
fragment of a spherical shell, and 
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ii) each Ua in VI is contained in some U'^ mW . 

The existence of such a cover U follows from the fact that the collection of all 
open balls and open convex fragments of spherical shells is a basis for the topol- 
ogy on 13" . Choose any carrier function c : X — > I' between the corresponding 
indexing sets. 

Any non-empty finite intersection Uao...ak of subsets in U is contractible 
since it is either a ball or a convex fragment of a spherical shell. Consequently 
W is a good cover. Moreover, the restriction oiU to 5""^ is a cover U'^ consist- 
ing of open convex subsets. Hence U'^ is also good. To check that (|C^. |, |C^f |) is 
a relative CW complex it is enough to see that for each finite intersection the 
pair {Uaa...aki Uao...ak ^ S"~^) IS St relative CW complex. Such a pair is either 
an open ball relative to the empty set or an open convex fragment of a spherical 
shell relative to an open convex subset of S"""^. In both cases an argument 
using the technique of Theorem 17.61 shows that we indeed have a relative CW 
complex. This proves the lemma. □ 

Proposition 7.10 Assume that is good and satisfies the topological Kan 
condition. Let £s"-^ be any T{Z,)-hundle over S"^^. Then the map 

V*- Conj,(^.)(i^",^"-i;fs„-i) ^ Con5.(|j,(2.)|)(^",^"-';r/*fs"-i) 

is surjective. 

Proof: Let £' be any S'.(|r(Z.)l)-bundle with £'\s^-^ ^ ?7*^5— i, and let W be 
the ordered open cover associated to £' . Use Lemma [7!9l to choose a refinement 
U oiW . The carrier function c: I ^I' between the corresponding indexing sets 
induces simplicial maps i: U, ^ U', and iq: U'^ between the ordered 

Cech complexes of W and W and their restriction to S*"^^ respectively. Using 
i and io we change the associated cover and get a new S',(|r(Z,)|)-bundle i*£' 
and a new T(Z,)-bundle ig£grz-i. 

We claim that there exists a concordance of 5, (|T(Z,)|)-bundles between 
£' and i*£' whose restriction to S"""^ lifts to a concordance of r(Z,)-bundles 
between fgri-i and ig£si-i- Let (j)' : U', S,{\T{Z,)\) be the simplicial map 
corresponding to £' . By definition the composition corresponds to i*£' . To 
see the existence of these concordances it is sufficient to construct a new ordered 
open cover lA" together with a simplicial map (j)" : U'^ — > Z, such that U and 
W are subcovers and 4''i and 0' are the restrictions of 0". Let the indexing set 
I" of U" be the disjoint union Z 11 T' and give X" the smallest partial ordering 
such that the inclusions of X and X' are order preserving and a > (i whenever 
c{a) = (3. We define U" =UyjU' . Observe that c extends to a carrier function 
c": X" — * X' inducing a map r: U'^ C/^ of the corresponding ordered Cech 
complexes such that r is a retraction of U', U'^ . Define 4>" = 4>'r. This proves 
the claim. 
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As a consequence of this claim it follows that there is a commutative diagram 
ConT(z.)P":^"^';*9^S'.-0^-Cons.(|T(z.)|)P",^""';'/*«a^S"-0 



Conr(z.)p",5"-i;^s„-0^^Cons.(,r(z.)l)p",5"-i;r,,fs„-i), 

where the vertical maps are gluing of concordances over S"~^. These vertical 
maps are bijections by Lemma [6.151 and Proposition 16.161 Moreover, the class 
represented by £' corresponds to the class represented by i*£' . So it is enough 
to prove that lies in the image of @. 

Since is a good cover, Lemma lTTTl applies to the simplicial map ^gn-iig : U° 
T{Z,) associated to igSs"-^- Thus we get a £'(Z,)-bundle £^ over S*""^ to- 
gether with simplicial map $: C/f x I ^ T{Z,) such that $(— , 1) = (f>s'i-iid 
and i>(-,0) = where <^^: f/f D{Z,) is associated to 

Let (j)' : \U,\ — > \T{Z,)\ denote the adjoint of the simplicial map (j>'i: U, 
S»{\T{Z,J\) associated to i*£' . We see that the geometric realization of $ match 
up with 4>' and produce a continuous map 

|(7f|x/U|C/.|x{l}^|T(Z.)|. 

Since (|C/,|, |C/f |) is a relative CW complex it follows that the inclusion \U^\ x 
lLi\U,\x{l} ^ |?7,| X / is a trivial cofibration, and consequently we may extend 
the map above to a continuous map 

!>: \U,\ xI^\T{Z,)\. 

The simplicial map $ immediately gives a concordance of r(Z,)-bundles 
between igSs^-^ and k^,£^ . Furthermore, the adjoint of $ gives a concordance of 
S'.(|r(Z.)|)-bundles from i*£' to a new S'.(|r(Z.)|)-bundle £" . The restriction 
of the latter concordance to S'""^ is the image of the first concordance under 
77*. Moreover, £" has the following properties: 

i) it is subordinate to the good cover U, 

ii) the restriction of £" to S"'"^ corresponds to a simpHcial maps that factors 
as 

^D{Z) ^ S,{\T{Z,)\). 
Consequently, the gluing of these concordances gives a commutative diagram 



Conr(z.)p",5"-i;zS£:S"-i)-^Cons.(|T(z.)|)P",5"-^^?**S^S"-0, 
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where i*£' in the lower left corner lifts to £" in the upper left corner. 

Translating Lemma 17.81 into the language of ?, -bundles we get a D{Zt)- 
bundle £ over D" whose restriction to 5""^ equals f ^, together with a concor- 
dance relative to S^~^ between the S',(|r(Z,)|)-bundles £" and 'qti^^£. Thus 
the class of £" is in the image of @. This implies that the class of £' is in the 
image of ®, and we are done. □ 



Corollary 7.11 Assume that Z, is good and satisfies the topological Kan con- 
dition. Let A ^ X be a closed cofibration such that {X, A) has the homotopy 
type of a CW-pair. Let £a be any Z, -bundle over A. Then the map 



?7*: CoiiT(z.)iX,A;£A) Coiis,(^it(z.)\){X, A;r)^£A) 



is a bijection. 



Proof: This follows directly from the proposition above together with Propo- 
sition [HIl □ 

We have now almost proved the following theorem: 

Theorem 7.12 Assume that X has the homotopy type of a CW-complex, and 
that Z, is good. Then geometric realization induces a bijection Con^, (X) ^ 
[X,\Z,\]. 

In some sense this theorem is related to [21, Proposition A. 1.1]. Let us now 
explain how the our theory of concordances gives a proof: 



Proof: By Theorem 16.311 there is a good simplicial space Z, satisfying the 
topological Kan condition together with a simplicial map q: Z, ^ Z, inducing 
bijections of concordance classes and homotopy classes of maps. Now consider 
the following diagram: 



Con2.(^) 



Con5.(|2.|)(X) 



Conc.(|z.|)(^) 



Con^.W 



■C0%.(|2.|)(X) 

® 



Con 



c.{\z.\) 

® 



(X). 



Conj,(^^)(X) 

® 



Con 



S.{\T{Z.)\)W 

® 



Con 



C.{\TiZ.)\) 

® 

{X,\TiZ,)\] 
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The maps ® and ® are induced by q and they are bijections by Theorem 16.311 
Since the natural map Z, — > T{Z,) is a homotopy equivalence in each simplicial 
degree, it follows from Theorem 16.251 that (D is a bijection. Moreover, the map 
© is a bijection for the same reason, see Lemma [7?5l By Corollary lT.lll the map 
@ is a bijection. All maps marked ® are bijections by Proposition 17.31 and all 
maps marked ® are bijections by Proposition 17.21 Consequently, we get our 
natural bijection by composing these maps. □ 

Observe that we easily could generalize the theorem to a CW-complex X 
relative to fixed data over some subcomplex A. 

Of course we have the case Z, = A2C in mind, and when 2C is a good 
topological 2-category the condition of Theorem 17.121 is satisfied. Thus we get 
a proof of the Theorem 11.11 Reasonable criteria implying that 2C is good are 
provided by Theorem 15.61 
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